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Abstract

In [Gel08], T. Gelander proved that if G is a compact, connected, semisimple Lie group,
the orbit of almost any point in Hom(F,, G) under the natural action of Aut(F,) is dense,
and furthermore that this action is ergodic. In this paper, we generalize this result to the
Torelli subgroup, an important normal subgroup of Aut(F,). That is, we prove that the
orbit of almost any point in Hom(F,, G) under action of Tr(n) is dense and that the action

is ergodic.

1 Introduction

For this paper, let F, be the free group of rank n, with standard generators {z1,...,z,}. A
word in the letters {z;} and their inverses is denoted w{z;}. The automorphism group of the
free group is denoted Aut(F,,). Note that an automorphism ¢ € Aut(F,,) is determined by its
image when applied to the tuple of standard generators (z1,...,2,). The Nielsen moves, also
referred to as product replacement moves, are the automorphisms that replace an element of the

generating set with a product with another element:

replace the i-th coordinate with a product with the j-th or its inverse on the left

l

L;*; :(xl,...,xi,...,a:j,...,xn)|—>(331,...,xjia:i,...,xj,...,xn)

Ri, +
ij.(xl,...,x,-,...,zj,...,xn)H(xl,...,xixj,...,xj,...,xn)
P (x1, .. Ty, Ty @) = (T, gy Ty, Tn)

It is a well-known fact from Nielsen’s Theorem [MKS04] that Aut(F;,) is generated by the set of
all Nielsen moves. For a group G, the set Hom(F,,,G) can be identified with G™ by fixing a set
of free generators for F,,. Each ¢ € Hom(F,,,G) maps the free generating set to an n-tuple in
G",

(1, ,Zn) 2y (g1,---,9n)
and Aut(F,) acts on G™ by precompositions with ¢. Under this identification Hom(F,,, G) =2 G",

Nielsen moves can be considered as acting on n-tuples (g1, ..., gn).
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Let G be a compact, connected, and semi-simple Lie group. We note that G is an algebraic
group over R so it is equipped with the Zariski topology. T. Gelander proved in [Gel08] that for
n > 3, and compact, connected, semi-simple Lie groups G, almost every point in G™ has a dense
orbit under action by Aut(F;,), and the action is ergodic. In this paper, we review the definition
of a well-studied normal subgroup of Aut(F;,) called the Torelli group and provide a generating
set to prove that under the same conditions, almost every point in G™ has a dense orbit under

action by Tr(n). This allows us to prove that the action is ergodic.

2 The Torelli Subgroup

Lemma 2.1. Let G be a group. Then, the commutator subgroup [G,G] is characteristic; that

is, for any ¢ € Aut(QG), ¢ preserves the commutator subgroup:

¢([G’ GD = [G’ G]

Since group automorphisms preserve the commutator subgroup, there is a natural map from an

automorphism ¢ of F}, to an automorphism ¢ of the abelianization F,/[F,, F,,] = Z".

Definition 2.2. Let ¢ : Aut(F,,) — Aut(Z") be the natural mapping outlined above, defined
by ¥(¢) = ¢. The map 1 is a homomorphism. For n > 3, define the Torelli subgroup as the
kernel of this map:

Tr(n) = ker(¢)

In particular, Tr(n) is a normal subgroup of Aut(F,).

T. Gelander proved in [Gel08] that the action of Aut(F,) on G™ is ergodic. We thus ask the
question of whether subgroups of Aut(F,,) also act the same. In this paper, we will prove that

Tr(n) acts ergodically on G™.

Lemma 2.3. Automorphisms of the form
(1,22, .., Tiy oo, Tn) — (@1, X2, . x[wi{zy, 2k}, wa{zj, 2k }], .. xn) (1)

are elements of Tr(n) for arbitrary words wi{x;, x}, wa{x;, xr} and i # j # k.
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Proof. 1t suffices to show 1(¢) = Laut(r, /[F,,Fa])-

@
(X1, T2, o, Ty ooy ) = (21,22, .., [wi{zy, e}, wo{xy, k] o oo 2n)
& (1, T2,y Tiye ey Tpy)

Since ¥(¢) is in Aut(Z™), this vanishes.

O

where ¢ maps into Aut(Z"), so the commutator [wi{z;,z}, wa{x;,x}| vanishes (since Z" is

abelian), making the action trivial. Thus ¢¥(¢) = 1z» and indeed, ¢ is an element of Tr(n).

Automorphisms of this form generate a subgroup ({¢}) of Tr(n). In order to show that the

action of Tr(n) on G is ergodic, it suffices to show that the action of this subgroup ({¢}) on G™

is ergodic. To do this, we will use the following lemmas.

Lemma 2.4. Let G be a compact, connected, semi-simple Lie group. Let I' < G be a dense

subgroup of G. Then [I',T], the commutator subgroup of T, is also dense in G.

Proof. M. Goto proved in [Got49] that all compact, connected, semi-simple lie groups G

are equal to their commutator subgroups; G = [G,G]. Every g € G can be written as a

1

commutator ¢ = !y lzy. Since I' < G is dense in G, there are sequences x,,, in I

1

that converge to x,y respectively. Since taking inverses is a continuous operation, z," —
x~1and y, ' — y~!. Similarly, since multiplication is continuous,

oy ey, — Ty ey = g
where z 'y 12,y = [T, yn] is a sequence in [T, T]. Thus [[,T] is dense in G. O

Lemma 2.5. Let T' < G be a dense subgroup. Then the right (resp. left) translate Tg (resp.
gT") is dense.

Proof. Let U C G be an open set. It suffices to show I'g N U is nonempty for all g € G. Since
multiplication is continuous on G, Ug~! is open. Then I' N Ug~' is nonempty. Therefore,

T'g N U is nonempty for all g € G. The proof for the left translate is similar. O

Remark. [t is a fact that compact, connected Lie groups, G are endowed with a unique natural

measure called the Haar measure. In this paper, we naturally consider such groups as measure

spaces with this measure.

Lemma 2.6. Let G be a compact, connected Lie group. Let I’ < G be a dense subgroup of G.
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Then, T' acts ergodically on G by right (resp. left) translation.

Proof. Suppose that A C G is invariant under right translation by I". Then, the function
f = 14 is also invariant under I'. Notice that for any function g € L'(G), f*g is also invariant
under T'. Indeed, f(k~'h)g(h) is invariant for k € T', by assumption, whence (f x g)(k) =
[ f(k=*h)g(h)dh is invariant for k € I, as desired. Then, consider a sequence of approximants
to the identity g1, go,.... For each ¢, f x g; — f is continuous and I'-invariant. Thus, since '
is dense, f * g; is G-invariant for each i. Since the action of G on itself by right translation
is obviously ergodic, this implies that f * g; is constant a.e. for each i; since f * g; L—1> f, this

implies that f is constant a.e. whence A is either null or conull, as desired. O

3 The Action of Tr(n) on G"

Definition 3.1. Let (g1,92,...,9,) € G™ and H be a group that acts on G™. Define
O (91,92, ---,9n) to be the orbit of (g1, g2, . - ., gn) under action by H. Foreachi € {1,...,n},
define 0% (g1, g2, .., 9n) to be the image of Oy (g1, g2, . -, gn) under the projection to the ith
coordinate

Proj;

OiH(glagQa v 7gn) — G.

We proceed to prove in Proposition that for almost any point in G, Or’l‘ir(n) (91,92, --,9n) 18
dense in G. This allows us to prove in Proposition [3.5] that the orbit of almost any point is dense
in G™.

3.1 Dense Orbits

Definition 3.2 (Pairs that Generate Dense Subgroups of G). T. Gelander proved in Lemma

1.4, in [Gel08] that, for compact, connected, semi-simple groups G, the set
U= {(z1,22) € G x G: (x1,22)1is dense in G}
Unless otherwise noted, when we write the set U, we refer to the set described above.

This will be used to prove the following:

Proposition 3.3. Let G be a compact, connected semi-simple Lie group and n > 3. For
k,i € {1,...,n}, define Ay = <Li> to be the subgroup of Aut(F,) generated by all left

Nielsen moves on the k' coordinate. Then

(’)kaﬂ(n)(gl,gg, ..y gn) is dense in G for a.e. (g1,92,-..,9n) € G" (%)
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Proof. Without loss of generality, we will prove the claim for k = n, the projection to the last
coordinate of the n-tuple. Let U be the same set as in Definition which is open, dense,
and of full measure. Since G is compact, connected, and semi-simple, U C G x G and a.e.

(91,92, --,9n) € G™ is such that (g1,¢92) € U. Fix one such tuple.

Now, we consider the orbit of the action of A, N Tr(n) on (g1,92,...,9,). Let H be the
subgroup of G generated by (g1,92,...,9n—1). H is dense in G. Let wj,wy be arbitrary

words in ¢1,..., 9,1 and their inverses; we have wy,wy € H.
A, NTr(n)
(gla g2, ... gn) —_— (917927 ceey [wla w2]gn>

LT, (91,92, .., Wgn) where W € [H, H|

Oganr(n) (91,92, - - -, gn) is exactly the right translate [H, H|g,. Since (g1, g2) is a subgroup of H,
H is dense in G. By Lemma [H, H] is dense in G. By Lemma [H, H]g, is dense in

G. The proof is similar for any k € {1,...,n}. O

We now extend the density of OZHQTI(”) (91,92, -+, 9n) to prove that a.e. Ory(n)(91,92,---,9n)
is dense in all of G™. To do this, we construct a set X C G that suits a similar purpose as
U C G x G from Definition [3.2]

Lemma 3.4. We construct the set X:
X ={ge€G: theset {x € G: (g,z) is dense in G} has full measure in G}
Then, X has full measure.
Proof. It suffices to show that X¢ is null. Let U be the same as in Definition 3.2l The
complement of U
U¢={(x1,22) € G X G: (x1,x2) is not dense in G}
must have zero measure. Thus, by Fubini’s theorem,
X¢={g€G: theset {x € G: (g,x) is not dense in G} has nonzero measure in G}

must have zero measure. O

Remark. Since G is a compact Lie group, it is endowed with a bi-invariant metric ||-||. The

bi-invariant metric on G may be extended to a bi-invariant metric on G™: the tazicab metric.
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Proposition 3.5. Let G be a compact, connected, semi-simple Lie group. Then Oy (p) (g15-+-59n)
is dense in G™ for a.e. (g1,...,9n) € G™.

Proof. Let (hy,...,hy,) € G™ be an arbitrary n-tuple and let € > 0. It suffices to show there is
(915, 9n) € Ore(m) (91, - - -, gn) Within an open e-ball of (h1, ..., hy), denoted Be(hy, ..., hy)
for a.e. (g1,-..,9n). Fori € {1,...,n}, we fix the following sets:

X = {g€G: theset {x € G: (g,x) is dense in G} has full measure in G}

Y= {z €G: (g;,x) is dense in G}
X has full measure by Lemma [3.4

[a.e. g; € X so with probability 1, Y; has full measure

Since X has full measure, almost any (g1,...,g,) is such that g; € X. For such a tuple, the
set Y7 is full-measure; Y7 is also open by Lemma 1.2 of [Gel0§].

The set U from Definition is dense, open, and has full measure, so U N B< (hp—1,hy) is
open and non-empty. It contains an element (,—1,2,) € U N Be(hp—1,h,) and its open
r-ball for some small 7 > 0; By (zn—1,25) CU N Be (hp—1,hn).

Since Y} is open and has full measure, Br (z,,)NY1 is open and non-empty. Since ORTe(n) (g1,---,9n)
is dense in G, there exists (g1,...,g;) in its orbit such that g;, € Bz (x,) NYi. Then, (g1, 9;,)

is dense by virtue of g/, being an element Y7 and by projecting to the (n—1)-th coordinate, we

have ngimﬁ(n) (91,92, --,9,) is dense in G where OZ:ilﬁTr(n)(gl’ 92, --,95) is contained
in O'I‘r(n)(gla g2, 7gn)
In other words, there exists an element in the orbit of the starting tuple, (g1,...,95,_1,9,) €

Ote(n) (91,925 - - -, gn) such that g;,_; € Bz (v,-1).

Then, since ||g}, — @ || <r/2and ||g},_; — @n_1]| < /2, wehave that (g}, _1,9,) € By(n_1,25) C
UnN BTEL (hnfl, hn)

Thus, (g),_1,9,,) generates a dense subgroup and ||g),_; — hn—1||,[lg) — hnl < £. We get

that for i € {1,...,n}, OiA,;ﬂTr(n) (91,---+9h_1,9,,) is dense and thus there exists (¢},...,9,) €

Otr(n) (915 - - -, gn) such that [ gi — hil| < £ foralli € {1,...,n}. Thus, |(g1,...,9,) — (h1,..., ha)| <
€. O

For n > 4, the argument above can be used without the construction of the sets X,Y;. However,
it is difficult to prove the statement in the case of n = 3 by appealing only to the set U from
Definition[3.2] The construction of the set X allows the process used in the proof to be generalized
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for all n > 3.

4 Ergodicity of Tr(n) ~ G"

T. Gelander proved in [Gel08] that the action of Aut(F,) on G™ is ergodic using the fact that
O?LM ij)(gl, ...,9n) coincides with the orbit under a dense subgroup (g;,g;) acting by left
translation on G, (’)fqi )9k where (g;,g,) is dense for a.e. pair (g;,9;) € G X G. A similar

argument can be made for Tr(n).

Namely, (’)r’}r(n) (91, --,gn) coincides with OfH’H]gk. Thus, the proof of Theorem is an adap-
tation of T. Gelander’s proof of Theorem 1.6 in [Gel0§].

Theorem 4.1. Let G be a compact, connected, semi-simple group, and n > 3. Then the

action of Tr(n) on G™ is ergodic.

Proof. Suppose for the sake of contradiction that the action is not ergodic. Then, there is
some Tr(n)-invariant set A C G™ that is neither null nor conull. Since the action of G itself
by right translation is ergodic, A is not invariant under right translation by G on one of
the coordinates, say the last factor. By Fubini’s theorem, for a set of positive measure of
(91,---gn—1) € G" ' theset {g € G: (g1,...,9n-1,9) € A} is neither null nor conull.

Note that a.e. (g1,...,gn—1) is such that (gy, g2) is dense in G (see Definition [3.2). Fix such a
tuple (g1,...,9n-1) and let H = (g1, ..., gn—1); obviously, H is dense in G. The orbits of the
action of Tr(n) on {(g1,...,9n—1,9) : ¢ € G} projected to the last coordinate coincide with the
orbits of the action of [H, H] on G. Now, consider 4y ={g € G : (¢1,...,9n-1,9) € A} which

is neither null nor conull by assumption. Since A is Tr(n)-invariant, Ory(,) (91, - .-, gn-1,9)
A for all g € A;. Thus, A, is [H, H]-invariant. Since [H, H| is dense in G, it acts ergodically
on G and this is a contradiction. Therefore Tr(n) acts ergodically on G™. O
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