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1 Measurability and the Lebesgue Measure

1.1 o-Algebras and Probability Spaces
Definition 1.1 (o-Algebra). Let Q be a set. A o-algebra . on Q is a collection of subsets of Q such that

(1) e 7,
(2) A F = A e 7,
(3) IfAl,A%Ag,...Ey, then U?ilAi e Z.

If the third condition is relaxed to only closure under finite unions (that is, Ai, ..., A, € .Z implies | J;_, 4; €
F), then Z is called an algebra.

Example 1.2. For any 2, both the power set P(2) and the set {&, 2} are o-algebras.
Proposition 1.3. Let {#\}xca be a collection of o-algebras on Q. Then (\ycp Fa is a o-algebra on 2.
Proof. Left as an exercise to the reader. O

Definition 1.4 (Generating o-Algebras). Let &/ be a collection of subsets of §2. Then, the o-algebra
generated by <, denoted o (&), is defined to be the intersection of all o-algebras containing «7. Equivalently,
o(&/) is the set of all subsets of 2 which can be obtained by a countable number of complements and unions.

Definition 1.5 (Borel o-Algebra). The Borel algebra %(R) is the o-algebra generated by all open subsets
of R. This is equal to the o-algebra generated by all open intervals, closed subsets, closed intervals, etc. The
Borel algebra Z(R") is defined analogously.

Definition 1.6 (Measurable Space). A measurable space (§2,.%) is a set Q and a o-algebra .# on €.

Definition 1.7 (Measure). For a measurable space (,.%), a measure p : F — [0, 00] satisfies

(1) w(@) =0,
(2) if Ay, Ao, ... are disjoint, then p (IU;2, Ai) = Doy u(A;).

Furthermore, if p(2) = 1, then p is called a probability measure.

Definition 1.8 (Measure Space). A triple (Q,.%, ) of a set Q, a g-algebra % on Q, and a measure p on
Z is called a measure space. If 1 is a probability measure, then the triple is called a probability space.

Definition 1.9 (Events). If (©2,.%, 1) is a probability space, then elements of .# are called events.
The following properties of measure spaces are universally used in calculations:
Lemma 1.10. Let (Q,.%, 1) be a measure space and A C B be measurable. Then u(A) < u(B).

Proof. Let Ay = A, Ay = B\ A, and A, = @ for n > 3. Then u(B) = p(U2, Ai) = Do, u(A4;)
w(Ay) + pu(Asz) > (A1) = pu(A). The result follows.

Ol

Lemma 1.11. Let (Q, %, 1) be a finite measure space (i.e., u(2) < oo). Then, for any A, B € F, u(AUB) =
1(A) + p(B) — (AN B).

Proof. Consider A and B\ (AN B); they are disjoint, by definition, and have union AUB. Thus, u(AUB) =
w(A) + w(B\ AN B). On the other hand, AN B and B\ (A N B) are disjoint and have union B, so
w(B)=pu(ANB)+pw(B\ANB) < u(B\ AN B) = u(B) — u(AN B). In particular, the rearrangement is
valid because all measures are finite. Combining the two equations yields

(AU B) = pu(A) + u(B) — u(AN B).

More generally, we have the first and second-degree union bounds:



Lemma 1.12. Let (Q,.%, ) be a measure space. Then, if Ay, As,... € F, p(Upey An) < Do, p(Ay).

Proof. First, define the sequence B,, = A \ U 11 A;. Notice that B; C A; and therefore u(B;) < p(4;)
for each i. On the other hand, [J = U2, B,,. Finally, the B; are pairwise disjoint. Therefore,

n=1

1 (Unzy An) = p(UpZy Bn) = 2202 m( )<Zn 1 i(An). 0

Lemma 1.13. Let (Q,.Z, ) be a finite measure space. Then, if A1,..., A, € F, pn(Uimy Ai) > > i, u(Ay)—
Z1gi<jgn (A N Aj).

Proof. Define B,, = A,,\ (A1 U---UA,_1) for each n. Then, the B; are disjoint, so u ({J; Bi) = >, 11(B;).
On the other hand, B; U (A; N A;)U---U---U(A; N A;—1) = A;. Therefore, by the previous result,

HB) Y H(AN A 2 p(A) = u(Bi) 2 (A — 3 (A 4y),
Therefore,
I (U&) =Y u(Bi) =D p(Ai) - ZiM(Ai NA) =Y wA)— Y u(Ain4y).
i i—1 i—1 i=1 j—1 i=1 1<i<j<n

Finally, we can measure sets using limits:

Lemma 1.14. Let (2, %, 1) be a measure space. Then, if {A,}n>1 is a sequence of sets in F that increases
to a set A, u(Ay) increases to u(A). Similarly, if A, decreases to a set A and u(Ay) < oo for some n, then
w(A,) decreases to p(A).

Proof. Suppose that A,, increases to A. Then the sequence (A, is increasing. Then, notice that | J,-, A, =
Ui An \ A, —1 (where A := @), and the A4, \ A,_; are pairwise disjoint, so

=u (U An> =M<U An\AM) = (A \ An1)

N N
= lim ZMA \A,_1) = hm ,u(UA \ Ap— 1)— hm w(AN).

N—oc0
n=1

Together, these imply the desired result. The proof for decreasing sequences is similar by taking complements,
with minor modifications to handle cases of infinite measure. O

1.2 Dynkin’s m-A Theorem

Definition 1.15 (7-Systems and A-Systems). Let  be a set. A collection & of subsets of € is called a
m-system if A,Be€ & = AN B € Z. Similarly, a collection .Z of subsets of 2 is called a A-system if

(1) Qe 2,
(2) Ae L= A 2.
(3) A1,...,Ag, -+ € Z are disjoint implies | J;>, A; € Z.

Lemma 1.16. A o-algebra is a \-system and a w-system.
Lemma 1.17. A \-system that is also a w-system is a o-algebra.
Lemma 1.18. The intersection of any family of \-systems is again a A-system.

Definition 1.19 (Generating A-System). Given any system &7, the system A\(<) is the intersection of all
A-systems containing .o/'; by Lemma this is a A-system, indeed the smallest A-system containing <7



Lemma 1.20. If & is a w-system, then \(Z?) is a m-system.

Proof. Take any A € &, and let S; = {B € AM(Z?) | BN A € AM&). It is not hard to show that S is a
A-system, and it plainly contains & (yet is contained in A(£?)), so S1 = A(Z?). Then, let So = {A € A\(Z) |
B e ANZ) = AnB e A(£)}. It is not hard to show that S is a A-system, and by the previous result,
P C Sy, 80 AM(P) = S3. Thus, A\(Z?) is closed under intersection, as desired. O

Theorem 1.21 (Dynkin 7-A Theorem 1). If & is a w-system, then \(£?) = o(2?).

Proof. By Lemma AMZ?) is a m-system and a A-system, so by Lemma MZ?) is a o-algebra, and
therefore contains A(Z?) 2 0(&?). On the other hand, 0(2?) is a A-system, so o(Z?) D A(L). O

Theorem 1.22 (Dynkin’s 7-A Theorem 2). Let & be a m-system and £ be a A-system containing &. Then,
Z Do(2).

Proof. o(Z) = \ZP) C Z. O

Let us demonstrate a use of Dynkin’s 7-A Theorem. First we need an intuitive technical lemma.

Lemma 1.23. If u is a measure on a o-algebra % and Ay, As,--- € F are an increasing sequence with
union A, then u(A) =lim u(A;). Moreover, if Ay, Aa, ... are a decreasing sequence with intersection A, and
w(A;) < oo for some i, then p(A) = lim p(A) = lim p(A;).

The proof is from the axioms of measures. For an example showing why the condition p(A4;) < oo for some
1 is necessary, consider the following:

Example 1.24. Let A; = (i,00) and p be a length measure on R. Then lim u(A4;) = oo as u(A;) = oo for
each i, yet A =), A; = @ whence u(A) = 0.

Theorem 1.25. Let & be a m-system and py, pa be measures on o(2?) that agree on &. Suppose that there
is an increasing sequence A1 C Ay C Agz--- of elements of &2 whose union is Q such that pui(4;) < oc.
Then, p1 = po on o(2).

Proof. Take any A € & such that p1(A4) < oo. Let £ = {B € o(Z) | mu(AN B) = u(AnN B)}.
Plainly, .Z contains &?. Furthermore, notice that .2 is a A-system. For Q € £, and if B € .2,
= (AN B = u(A) — (AN B) = p2(A) — pe(AN B) = pe(AnN B, whence B¢ € . Finally,
suppose By, B, -+ € £ are disjoint. Then py (AN (U2, Bi))) = 1 (Ujey ANB;)) = > ooy (AN B;) =
Yooy w2(ANB;) = ps (AN (U2, Bi))) whence J;2, B; € Z.

Thus, by Dynkin’s 7-A system, .Z D o(4?). Then, choose an increasing sequence A; C Ay C As--- of
elements of & whose union is 2 such that j;(A;) < co. Then, for each B € o(2?), J;=; Ai N B = B. Thus,
u1(A; N B) converges to py(B), and ps(A; N B) converges to ua(B); yet u1(A; N B) = pu2(A; N B) for each
i. Thus, pu1(B) = pua(B). The result follows. O

Example 1.26. Let Q@ = R, and & be the collection of bounded open intervals. Then, o(2?) = B(R).
Suppose that p; and pg are measures on B(R) such that for any a < b, then p1((a,b)) = p2((a, b)) =b —a.
Then p1 = po by considering the increasing sequence A,, = (—n,n) and applying the previous theorem. This
demonstrates that there is a unique natural “length” measure on R.

Definition 1.27 (Monotone Class). Let 2 be a set. A collection € of subsets of € is called a monotone class
if it is closed under monotone limits, that is, if A; C Ay C--- € € then |, A; € € andif A; D A, D --- €€
then ), A; € €.

Theorem 1.28 (Monotone Class Theorem). If &7 is an algebra and € is a monotone class containing <,
then € 2 o(</).



Proof. First, notice that the intersection of any family of monotone classes is another monotone class.
Therefore, given any algebra o7, there is a smallest monotone class .# containing 7. I claim that .Z is a
A-system. Obviously, .Z is closed under increasing unions by definition and nonempty since it contains .:
it suffices to show that it is closed under complements. To see why, define fix some S € /. Then, define

Mg={TeM|S\Tand T\ S e .4}

It is easy to see that .#s is a monotone class. Furthermore, & C #s, so indeed A# C Ms and H# = Ms.
In other words, for any S € & and T € .#, S\T and T\ S € .#. Now, suppose that T' € .#. Then, by the
previous remark, .#7 contains 7. Yet .#r is still a monotone class, so .#r contains .# and .# = .#r for
any T € .#. In other words, for any S,T € .#, S\ T and T \ S both belong to .#, so .# is closed under
complements, as desired.

Then, since .# is a A-system, and &/ is an algebra (and therefore a m-system), the Dynkin 7-A theorem
yields that .# D o(%/). Yet € contains A, so € 2O .# D o(<), as desired. O

1.3 Outer Measures

Definition 1.29 (Outer Measure). Let 2 be any set. A function ¢ : 22 — [0, 00] is called an outer measure
if (@) =0, ¢(A) < ¢(B) when A C B, and for any Ay, As,--- CQ, ¢ (U, 4i) < >, d(A;).

Definition 1.30 (¢-measurable). Let ¢ be an outer measure on a set Q. A subset A C Q is called ¢-
measurable if VB C Q, ¢(B) = ¢(BN A) + ¢(B N A°).

Theorem 1.31. Let .F be the collection of all p-measurable subsets of Q. Then F is a o-algebra and ¢ is
a measure on F.

Proof. The proof is a series of straightforward lemmas.
Lemma 1.32. The collection % is an algebra.

Lemma 1.33. If Ay,..., A, € .F are disjoint and E C Q, then

n

YEN(A U UAy)) =Y ¢(ENA).

i=1
By the previous two lemmas, we can demonstrate

Lemma 1.34. If A1, As,... is a sequence of sets in F increasing to a set A C Q, then for any E C Q,
P(ENA) < lim ¢(ENA,).
n—oo

From here, the conclusion follows. Indeed, let A, Ag,--- € F and let A = J; A;. For each n, let B, =
U?:l Ajy; this belongs to # by the first lemma. Then, for any £ C Q and any n,

P(E) = ¢(EN By) + ¢(ENBy) > ¢(EN By) + ¢(EN AT

Yet the third lemma demonstrates that lim,,_,oc ¢(ENBy,) > ¢(ENA). Thus, ¢p(E) > ¢(ENA)+d(ENAS);
the other side of the inequality is immediate from subadditivity. Thus, ¢(E) = ¢(E N A) + ¢(E N A), so
A € %, as desired. This, with the first lemma, shows that .# is a o-algebra.

It then suffices to show that ¢ is a measure on .%. For this, take any disjoint collection Ay, As,--- € %, and
define B,, = J;_; A; as before. Then, by Lemma 1.4.5,

Thus, by taking n — oo, ¢(B) > >, ¢(A;). The opposite inequality is given by subadditivity. Thus, ¢ is a
measure on %, as desired. O



1.4 Carathéodory’s Extension Theorem

Theorem 1.35 (Carathéodory’s Extension Theorem). Let &/ be an algebra of subsets of a set ). Let u be
a measure on & . Then, u has an extension to (). Moreover, the extension is unique if p is o-finite on

&, meaning that 3A1, As,--- € & such that u(A;) < oo for all i and A; 1.

Proof. Uniqueness follows immediately from Theorem [1.25] as algebras are m-systems. For existence, define
w* 222 [0, 00] as follows: for any A C Q, let

mf{zlu

The proof then requires two straightforward lemmas:

A ed, UA DA}

1=1

Lemma 1.36. u* is an outer measure.
Lemma 1.37. For any A € o/, p*(A) = u(A).

Then, to conclude, let & be the set of all p*-measureable sets. Then, by Theorem [1.31] &7* is a o-algebra
and p* is a measure on «7*. Thus, it suffices to show that &/ C &/*; that is, that any A € szf/ is p*-measurable.

For this, take any A € o/ and E C ). Then, for any sequence Aj, As,... of elements of & that cover FE,
{ANA;}2, is a cover for EN A and {A°N A;}°, is a cover for E N A°. Thus,

oo

p* (BN A) + p* (BN A% Z (AN A;) +p(A°NA;) =D p(A).
Taking the infimum over all choices of {A4;}5°,, we obtain that p*(ENA)+up*(ENA® < u*(E), as desired. [

1.5 Construction of the Lebesgue Measure

Let € be the collection of all sets of the form either (a,b] for some a,b € R or (a,00) for a € R or (—o0, ]
for b € R or R. Let & be the collection of all finite disjoint unions of elements of 4. Then, & is an algebra
which generates the Borel o-algebra of R.

Define a functional A : & — R by

A (U(ai,bi] N R) = (b — ai).

i=1 i=1
In other words, A measures the length of an element of «7. Clearly, A is finitely additive on 7/ and monotone.
Lemma 1.38. For any Ay,...,A, € & and any AC A; U---U Ay, MA) <D0 A(4).
Proof. Let By = Ay and B; = A; \ (A1 U---UA;_1) for 2 <i < n. Then By,...,B, are disjoint and have
union Ai,..., A,. Then, A(A) =37 AMANB;) <30 AMBy) < 30 AA). O
Then, we can prove the following facts about .
Proposition 1.39. The functional A defined above is a o-finite measure on < .

Proof. Suppose that Aj, As, -+ € & is a sequence of disjoint elements in ./ with union A € &/. Since each
element of & is a finite disjoint union of such intervals, it suffices to show the case when A = (a,b] NR and
A; = (a;,b;] NR for each i. Assume that a < b. Now, suppose that a and b are both finite.

Take any § > 0 such that a + § < b, and take any ¢ > 0. Then [a + ,b] C ;= (a;,b; + 27%); since
[a + 6,b] is compact, there exists some k such that [a + d,b] C Ule(ai, b; + 27 %). Therefore, by the above
lemma, we have b —a — § < Zle(bi +2 e —a;) <e+ Y ;2,(b; — a;). By driving € and § to 0, we obtain
b—a <> 2 (bi — a;). Finite additivity and monotonicity yields the other direction. Finally, if one or both
of a and b are infinite, it suffices to take finite o', b’ such that (a’, '] C (a,b], and take the limit. O



Corollary 1.39.1. The functional X has a unique extension to a measure on B(R).

Definition 1.40 (Lebesgue Measure). The unique extension of A\ given by the above corollary is called the
Lebesgue measure on the real line.

One can define the Lebesgue measure on R™ for general n by considering disjoint unions of products of
half-open intervals and then repeating the above development. We shall do that now.

Let 7 be the set of all subsets of R? that are finite disjoint unions of half-open cubes of the form (ay, b;] x
- X (ag,bg) N R4, where —0o < @ < b < oo. Then, & is an algebra of subsets of R which generates a
o-algebra on R? which we call the Borel o-algebra on R?. Define A : &/ — R by

A (U(aih bir] x -+ (@i, bia] N Rd) = (bir — ain)(biz — aiz) - - (bia — ia)-

i=1 i=1
Obviously, A satisfies finite additivity and therefore monotonicity.
Lemma 1.41. For any Ay,..., A, € o and any A C Ay U---UA,, A(4A) <D A(A).
Proof. Let B; = A; \ (A1 U---A;_1). Then By, ..., B, are disjoint with union U?:l A;. Then, as desired,

)\(A):Z MAN B;) Z Z (Ay).

Lemma 1.42. The functional \ defined above is a o-finite measure on <7 .

Proof. o-finitude is trivial, so it suffices to show countable additivity. Indeed, suppose that A € & is a count-
able disjoint union of elements A;, Ay, - - € 7. Then we seek to show that A\(4) = Y2, A(4;). Of course, it
suffices to show that this is true when A = (ay,b1]x - - x (ag, bg) "RINR and A; = (a1, bi1] % - - - (a;a, big] "NR?
for each i, since any element of &7 is a finite disjoint union of such cubes.

Now, first suppose that —oo < a; < b; < oo for each j. Then, take any 6 > 0 such that a; +J < b; for each

j, and any € > 0. Then [ag 4+ &,b1] X -+ X [aqg + 6,ba] C U;>, (i1, bin +27%) x -+ X (aia, big + 27 %). Now,

since [a; 4+ d,b1] X - -+ X [aqg + 0, bg] is compact, it is contained in the union of finitely many (a;1,b;1 +27 %) x
- X (@i, big + Q*ie). Thus, there exists some k such that

k
[ay +6,b1] x -+ X [aq + 0,ba] U((Mhbil +27%) X+ X (aia, big + 27 "€).
i=1

Thus, by the preceding lemma,

=

(b1 —ay —9)--(bg—aq—0) < Z(bil +27% —ap) - (big+2 e —aq) <e+ Z(bil —a;1) - (big — aiq)-
i=1 i=1

By driving ¢ and e to 0, we obtain (by — aq) - (bg — aq) < Z?il(bil — aj1) -+ (big — a;q). On the other

hand, for any k, finite additivity and monotonicity of A implies that (by —aq) - - (bg — aq) = A(A) > Zle =

Zle(bil — aﬂ) R (bzd — Cl,id) whence )\(A) = (b1 — al) cee (bd - Cld) Z Zfil(bll — ail) s (bzd — aid). Thus

we have proven countable additivity when the a; and b; are finite. On the other hand, if either a; or b; is

infinite, choose finite aj, b; such that (a], b;] C (aj,b;]NR for each j. Repeating the above steps, we achieve

(by —aj) -+ (by — ag) Z i1 — ai1) - (bid — @ia)

i=1

for any finite ' > a and b < b. Since this holds for all such af, b}, the equality (b1 —a1)---(bs — aa)

Z?il(bu —a;1) -+ (big — aiq) still holds. 0



Corollary 1.42.1. The function A has a unique extension to a measure on the Borel o-algebra on R?.

Definition 1.43 (Lebesgue Measure). The unique extension of A\ given by the above corollary is called the
Lebesgue measure on R?.

For an example computation of Lebesgue measure in higher dimensions, we consider the example of a line.
Example 1.44. A straight line in R? has measure zero.

Proof. First, notice that by swapping the x and y-coordinates, we may assume that the line L is not vertical
and therefore can be written in the form y = f(x) = ma + b for some m,b € R. Then, for any k, let .#; be
the following family of boxes:

I I+1 I I+1 o

For any k, % covers the entirety of L. On the other hand, the section of .#; to do with a fixed n € Z
(that is, the section covering [n,n + 1]) has the area 28 (o . 57o) = 2o Therefore, the area of

T is JD,c22" = 32 Yet then p(L) < p(Fy) = 22 for each k, whence by taking k — oo we obtain
(L) = 0. =

1.6 Completion of Measure Spaces

Definition 1.45 (Complete o-Algebra). Let (€,.%#, 1) be a measure space. p is said to be complete if
whenever A € %, u(A) =0, and B C A, then B C .#.

Proposition 1.46. Let (2,.%,u) be a measure space. Then there exists a o-algebra F' 2O F, and an
extension of p to .F', such that %' is a complete o-algebra.

Proof. Define an outer measure u* and a o-algebra &7 as in the proof of Carathéodory’s extension theorem.
Then, o/* is complete with respect to u*. [

In fact, the completion of the Borel o-algebra of R is the Lebesgue o-algebra. The Lebesgue measure is
defined on this larger o-algebra, but we work with the Borel o-algebra most of the time. For example, when
we say that a function defined on R is measurable, we mean Borel measurable. On the other hand, abstract
probability spaces will usually be assumed to be complete.

1.7 Lebesgue vs. Borel Sets

Proposition 1.47. A set is Lebesgue measurable if and only if it is the union of a Borel set and a null set.

Proof. First, we begin with some straightforward lemmas.
Lemma 1.48. Suppose that A is Lebesgue measurable. Then m(A) = inf{m(U) | U 2 A open}.
Corollary 1.48.1. Suppose that A is Lebesque measurable. Then m(A) = sup{m(V) |V C V closed}.

If A is the union of a Borel set and a null set, then A is clearly Lebesgue measurable. Therefore, it suffices
to show that if A is Lebesgue measurable, then it is the union of a Borel set and a null set.

For this, consider first the case where m(A) < oo. Then, by the above corollary, there exists a sequence of
sets V3 C Vo C --- such that lim;,o m(V;) = m(A). Then, if V is the Borel set J;=; V;, m(V) = m(A).
Then V'\ A is measurable as the intersection of the Borel set V' and the measurable set A€, and furthermore,
since m(A) = m(V) < oo, m(V '\ A) = 0. Thus, A is a union of the Borel set V' and the null set A.

Now suppose that A is an arbitrary Lebesgue measurable set. Let A,, be the intersection of A with the open
ball B,,(0) of radius n around the origin. By our above work, 4,, = V,, N W,, for some Borel set V,, and null
set W,,. But then V = J;2, V; is Borel, and W = |J;2, W; is null, and A=V nW. O



2 Measurable Functions

Definition 2.1 (Measurable Function). Let (Q,.%#) and (Q'.%') be two measurable spaces. A function
f:Q — Q is called measurable if f~1(A) € .# for every A € .#’. It is easy to see that the composition of
measurable functions is measurable.

One way to simplify the process of computing measurability is the following:

Lemma 2.2. Let (Q,.F) and (', F') be two measurable spaces and f : Q — Q' be a function. Suppose
that there is a set o C F' that generates #' and suppose that f~1(A) € F for all A € o/. Then f is
measurable.

Proof. The set of all B C ' such that f~'(B) € .Z is a o-algebra, and it contains &/, so it contains
(o) =F"), as desired. O

Definition 2.3 (Borel o-Algebra of a Topological Space). The Borel o-algebra on € is the o-algebra gen-
erated by the open sets.

Proposition 2.4. Suppose that Q and Q' are topological spaces, and F and F' are their Borel o-algebras.
Then any continuous function from € into Q' is measurable.

Proof. Apply the preceding lemma with &7 being the set of all open subsets of €)'. O
Other measurable functions include:

Sums and products of measurable functions.

Right-continuous or left-continuous functions.

Monotone functions.

Lower- or upper-semicontinuous functions.

The infimum or supremum of a series of measurable functions.

The limit infimum or supremum of a series of measurable functions.

The pointwise limit of a series of measurable functions.

® N o WD

The sum of an infinite sequence of [0, co]-valued measurable functions.

The proof of these facts is left as an exercise to the reader.

2.1 Lebesgue Integration

We define Lebesgue integration in three steps. First, given a simple function f = Y0 | a;14, with A4y,..., 4, €
Z disjoint and a4, ..., a, >0, we define [ fdp=>"", a;u(A;). Next, consider any measurable function f :
Q — [0,00). Let SFT(f) = {g | g non-negative simple functionsVw € Q}. Then [ fdu = sup esr+ () J gdp.

Finally, consider any measurable function f : © — R. Let f*(w) be equal to max(f,0) and f~(w) =
—min(f,0). Then f = f+ — f7; if at least one of fTdu and [ f~du is finite, we define [ fdu = [ fTdp —
f f~dp and say that the integral ezists. If indeed both quantities are finite, then we say that f is integrable.

Lemma 2.5. If0 < f < g everywhere, then [ fdu < [ gp.

2.2 Properties of the Lebesgue Integral

Lemma 2.6. Let s : Q — [0,00) be a measurable simple function. For each S € F, let v(S) = [4 sdu. Then
v is a measure on (£, F).



Proof. Suppose that s = > | a;14,. Since v(@) = 0 by definition, it suffices to show that v is countably
additive. Then suppose that S, Ss,... is a sequence of disjoint sets in .% with union S. Then

ZCLZ/J,A ns) Z Z“A ns;) :iiaz,u/l ns;) iV(S])
j=1

=1 =1 = j=11:i=1
O

Theorem 2.7 (Monotone Convergence Theorem). Suppose that {fn}n>1 is a sequence of non-negative
measurable functions on Q0 increasing pointwise to a limit function f. Then [ fu =lim, o [ dpu.

Proof. Since f > f, for every n, we have [ fdu > lim [ f,dp. On the other hand, consider s € SFY(f). Let
v be as in the previous lemma and fix a € (0,1). Let S, = {w | as(w) < frn(w)}. These sets are measurable,
increasing with n, and increase to all of 2. Then fsd,u =v(Q) = lim;, 0o ¥(Sy) = limy, 00 fs sdp. Yet
as < f, on S,, and since s is simple, fSn asdpy = « fSn sdu. Therefore,

a/ sdu:/ asdug/ fnd,ug/fnd,u.
s S, S, Q

Thus, « [ sdp <lim [ f,du, whence [ sdp <lim [ f,dp, whence [ fdu <lim [ f,dpu. O

Proposition 2.8. Given any measurable function f : Q — [0,00], there is a sequence of nonnegative simple
functions increasing pointwise to f.

Proof. Let f,(w) = min{n, | f,2"]27"}. The result follows. O

Proposition 2.9 (Linearity of the Integral). If f and g are two integrable functions from € into R*, then
for any a, B8 € R, the function af + g is integmble and [(af + Bg)dp = o [ fu+ B [ gu. Moreover, if f
and g are measurable functions from Q into [0,00], then [(f + g)du = [ fu+ [gdp, and for any o € R,

Jofu=affn.

Proof. First demonstrate the result for simple functions, then for non-negative measurable functions using
the monotone convergence theorem, and then for all measurable functions using the traditional decomposition
f = fT — f~. Each step in this decomposition is relatively straightforward. O

Lemma 2.10 (Fatou’s Lemma). Let (Q,.%, 1) be a measure space. Let { fn}n>1 be a sequence of measurable
functions from Q into [0,00]. Then, [liminf, o fndp <liminf, o [ frdu.

Proof. Let g, = inf¢>, fr. Then g, is an increasing sequence of nonnegative functions converging to f =
liminf,, o fr = lim, o0 g By the Monotone Convergence Theorem, [ fdu = lim, o [ gndp. But g, < fi
everywhere for all k > n. Thus [ g,du < [ fedp for all k > n. But this implies [ g,dp < infy>, [ frdpu.
But then lim,, o [ gndp <lim, o [ frdp = liminf,, oo [ frdpu. O

Theorem 2.11 (Dominated Convergence Theorem). Let (Q,.%, 1) be a measure space. Let {f,}n>1 be a
sequence of measurable functions from Q into R, converging pointwise to f : Q — R. Suppose that there
exists a measurable function h : Q — [0,00) such that h is integrable and |fn(w)| < h(w) for all n,w. Then

[ fp=1lim, o [ frdu.

Proof. Let g, = fn + h. Since |f,| < h everywhere, g, > 0 everywhere. Then, by Fatou’s Lemma,

/liminfgnd,u < liminf/gnd,u: /fd,u—f—/hd,u < lim inf (/ f,ﬂ,u—&-/hdu) zliminf/fndu—i-/hd,u.

Thus [ fdp < liminf [ f,du. Next, let g, = h — f,; repeating the process, we find that limsup [ fn,du <
f fdu, and then combining the two results yields the desired product. O

Corollary 2.11.1. Under the hypothesis of the DCT, we also have lim,_, | fn — f|du = 0.

10



Finally, to apply most of our familiar results about integration.

Proposition 2.12. Let [a,b] be a closed interval in R, and let f : [a,b] — R be a continuous function. Let
A be a Lebesque measure on [a,b]. Show that [ fd) is equal to the Riemann integral f; f(x)dx

Proof. First, notice that the minimum and maximum of continuous functions are continuous, so f* and f~
are both continuous. Then, notice that [ fd\ = [ fTdA— [ f~d) and f; flx)dz = f; f*(a:)dx—fab [~ (z)dz
Therefore, if we can establish the result in the case that f is nonnegative, then the result follows in the gen-
eral case. Thus, we may assume that f is non-negative.

Suppose that f is continuous. Then,

b n
X — X
/a f( ) maxk(zk iL‘k 1)—0 Z Tk k= 1)

k=

where a = 29 < 21 < --- < z,, = b is a sequence of points in [a, b] and z}, € [z}, 1] for each k. Now, fix
€ > 0. Then, since continuous functions are uniformly continuous on closed intervals, there exists some
such that whenever x,y € [a,b], |x — y| < ¢ implies |f(x) — f(y)| < 3(a—p)- Furthermore, there exists a pair

of sequences 1 < --- < x, and z7,...,z} such that maxy(xp — xp_1) < J and

<<
2

b n
JRECED S
a k=1

Then, it follows that

n n

b n
/ @) =2 < Y f@i)(on — o) = 5 = Y Flai)(an — i) -
a k=1 k=1 k=1

> e[inf f(@)(xp — 1)

rE€[TK_1,T
Pt k—1,Tk]

- kz::l (f(x;;) - 2(;_17)) (2h — 1) <

But g = inf, ¢y, , 2, f(2) is a simple function with integral >ory infocip, 20 f(@)(2r — 2—1). Thus,

/f dw—5<z inf )(xk—xk,l):/gd)\g sup /gd)\g/fd/\

rE[zk 1,%k] gESF+

given that g < f by definition. Therefore, for any € > 0, we have f: f(z)dx — e < [ fdX\ whence by driving
e — 0, we obtain [ f(z) < [ fdA.

On the other hand, fix any simple function g < f defined on [a,b]. Let yo,y1,...,y, be the points at
which g changes value. Then, for any j, define the sequence =7 to be given by subd1v1d1ng each interval
in the sequence y into j parts, and let 27* be the sequence given by defining xk = % Then as

J — oo,maxy(x], — z7._,) — 0. Thus,

/gd)\<Zf (x7*E)( ka )= lim Zf xp)(zp — xp—1) /f

maxy (Tr—Tr—1) —)0

But then, by taking the supremum over all simple functions g < f, we obtain [ fdA < f: f(x), as desired.
Combining this with the result of the preceding paragraph yields the desired result [ fd\ < fab f(z). O

2.3 “Almost Everywhere”

Definition 2.13 (Almost Everywhere). Given a measure space (Q, %, i), an event A € Z is said to “happen
almost everywhere (a.e.)” (or, in probability theory, almost surely) if u(A€) = 0.

11



For example, we say that f = g almost everywhere if the set of points at which they are different is null.

Proposition 2.14. Let f : Q — [0,00] be a measurable function. Then [ fdu = 0 if and only if f =0
almost everywhere.

Proof. 1If f = 0 almost everywhere, then it is clear the integral of any simple function g < fis 0, so [ fdu = 0.
On the other hand, suppose that u(f~*((0,00])) > 0. Then,

p(F (0. 00])) = ( U {f‘l((l/mOO])) = Jim_ (£~ (1/m,oc]) > 0.
n=1
But then, for some n, u(f~1((1/n,c])) > 0. Yet then we obtain the desired result:

/fuz/flAnduZ /”ﬂlAndu:n’lu(An) > 0.
O

Any result about integration can usually have its hypotheses replaced with almost-everywhere versions of
these hypotheses to get maximally general results, as the above theorem shows precisely that null sets are
the largest sets on which functions can be modified without changing their integrals.

2.4 Finite-Dimensional Product Spaces

Definition 2.15 (Product o-Algebra). Let (Q1,.%1),..., (2, %#,) be measurable spaces. Let = 3 x
-++ X §y,. Then, the product o-algebra % (often denoted F#; x - - - x %, by abuse of notation) on  is defined
to be the o-algebra generated by sets of the form A; x --- X A,,, where A; € .%; for each i.

Proposition 2.16 (Product Measure). Let Q and F be as above. Then, if Q; is endowed with a o-finite
measure p; for each i, there is a unique measure j1 on Q which satisfies, for any A; € F;,

(A X - x Ay) = Hui(Ai).

Proof. Now, the collection of finite disjoint unions of sets of the form A; x --- x A, form an algebra.
Therefore, by Carathédory’s Theorem, it suffices to show that p, as defined above, is a measure on this alge-
bra. We prove this by induction on n; the base case n = 1 is obvious, so assume that the result holds for n—1.

Therefore, take any rectangular set A; x---x A,,. Suppose that this set is a disjoint union of 4; 1 x---x 4;
for i =1,2,... where A; ; € #; for each 4, j. Then, it suffices to show that

(oo}

(AL X X)) =D (Ajg X o0 X A ).

i=1

Now, take x € Ay X X Ap_q. Let I = {Z | S Ai,l X oo X Ai,n—l}- Then /f['n(An) = ZiEI ,un(Az,n) On
the other hand, if # ¢ A1 x --- x A1 and z € A; 1 X -+ X A; 1 for some 4, then A;, must be empty.
Thus,

1141 XX Ap_1 (x):un(An) = Z ]-Ai,l XX Ain_1 (x)un(Al,n)
=1

Then, let ¢/ = p1 X -+ X pi,_1 be the measure given by the induction hypothesis. Integrating both sides
with respect to g/ on Q1 X - -+ X Q,_1, we find that

P (AL XX Ap 1) pn(Ag) = Z,U,(Ai,l X oo X Ay 1) i (Ain)
i=1
which is the desired result. O
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2.5 Fubini’s Theorem

Lemma 2.17. Let (Q;, %#;), i = 1,2, 3 be measurable spaces. Let [ : Q1 x Qy — Qo be a measurable function.
Then for all x € Qq, the map y — f(x,y) is measurable on Qs.

Proof. Take any A € %3 and z € ;. Let B = f~1(A) and B, = {y € Q| f(z,y) € A}. Our goal is to
demonstrate that B, € %#,. Fixing z, let ¥ ={E € %1 x %, | E, € F} where E;, = {y € Q2 | (z,y) € E}.
Then ¥ is a o-algebra which contains every rectangular set. Thus, ¥ contains .%; x %5, so B, € % for
every x € )y, as desired. O

Theorem 2.18 (Fubini’s Theorem). Let (Q1, %1, 1) and (2, Fa, u2) be two o-finite measure spaces. Let
W= p1 X pue and let f: Q1 x Qo — R* be a measurable function. If f is either nonnegative or integrable,
then the map x — fQ2 flx,y)dus(y) on Q1 and the map y — le flz,y)dui(z) on Qo are well-defined and
measurable (when set equal to zero if the integral is undefined). Moreover,

fo o, Femitntan = [ [ et = [ [ @i

Finally, if either of

/ / (x,y)|dp2(y)dp (x / / (z,y)|dp1 (z)dpa(y)
Q1 JQs Qo J

is finite, then f is integrable.

Proof. First, suppose that f = 14 for some A € % x %5. Then, for any = € 4, fQ2 flz,y)dusa(y) = pa(Az),
where A, = {y € Qa2 | (z,y) € A}. Now, our goal is to show that z — ps(A,) is a measurable map.

Let Z be the set of all E € #; X %5 such that © — po(E,) is a measurable map on €; whose integral
is p(E). We demonstrate that £ is a A-system, first under the assumption that p; and po are both finite
measures. Now, clearly €7 x Qo € L. Suppose Fi, Es, -+ € £ are disjoint with union F, then E, is the
disjoint union of (E1)g, (E2)g, ... whence ps(Ey) = > ooq p((Ei)e). Thus,  — po(E,) is measurable. By
the monotone convergence theorem,

/le( )dp (z Z/Q p2((Ei)e)dpa (z ZM

Thus F € £ and & is closed under countable disjoint unions. Finally, take E € £. Since u; and uo are
finite, pa((E) ) = p2((Ex)) = p2(Q2) — p2(E,) whence x — pa((E€);) is measurable. Then,

/Q pa((E)2)dp (x) = pa () p2(22) — /Q p2(Ez)dp () = p(Q) — p(E) = p(ES).

whence .Z is a A-system. Furthermore, it contains the m-system of all rectangles, which generates .#; x %,
so by the Dynkin 7-A theorem it contains %7 x %5, as desired.

Now, let p1 and pg be o-finite measures. Then let {E), 1}n>1 and {E, 2}n,>1 be sequences of measure sets
of finite measure increasing to Q; and 3. For each n, let E,, = E,, 1 X E, 2, and define the functionals

tni(A) = (AN E, ;) for each n and ¢ = 1,2. Also define u,(E) = p(E N E,,). These are finite measures
increasing up to u; and p respectively. Then, if f : @y — [0, 00] is a measurable function,

f@dpna(z) = | f(2)lp,,()dwm(2),
Q4 Qq

where we use the convention co -0 = 0 on the right (this follows first for indicator functions, then for simple
functions by linearity, and then for nonnegative measurable functions by the monotone convergence theorem).
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Then, for any E € % x %, and any © € O, pu2(E,) is the increasing limit of py, 2(Ey)1g, 1(x). This
demonstrates that « — pg(E,) is measurable. Furthermore, p, = pn,1 X pn,2 because they agree on the
generating set of all rectangles, so the monotone convergence theorem yields that

/ p2(Ep)dpy = lm [ ppo(Ex)lp,  (@)dpy(x) = lm | pin 2 (Er)dpn i (z) = lim pn(E) = p(E).
Ql n—oo Ql n—oo Ql n—oo

This shows that Fubini’s theorem holds for all indicator functions. By linearity, it holds for all simple
functions, and by the monotone convergence theorem, it holds for all nonnegative measurable functions.
Then we can conclude the result for any integrable f using the case of Fubini’s Theorem for nonnegative
measurable functions separately for f* and f~. O

As an application of Fubini’s Theorem, we have the following:

Theorem 2.19. If f1, fo,... are measurable functions from Q into R such that

Z/ | fildp < oo,
i=1

then show that the set of w where Y, fi(w) does not exist is a measurable set of measure zero, and if we define
> fi arbitrarily on this set (e.g., equal to zero), then [y fidu=>" [ fidu.

Proof. For this, we apply Fubini’s theorem. Indeed, let Q; = R, %] be the Borel o-algebra, and 1 be the
Lebesgue measure. On the other hand, let Qo = Z1, %, = P(Z"), and define u2(S) = |S]. Now, define
flx,n) = fo(x). First, let us demonstrate that f is measurable. Indeed, consider a measurable subset
M C R. Then f~!(M) is the countable union of the measurable sets |J7~ | f, ' (M) x {n} and therefore
measurable, so f is indeed measurable. Finally, notice that integration with respect to the described measure
p2 is simply summation. That is, if g : ZT — R is a function, then [, gdus =Y, g(n). Then, it suffices
to use Fubini’s theorem.

Indeed, notice that [, [ [f(z,y)ldui(z)dus(y) = 322, [|fildp < oo, so f is integrable. Then, by Fu-
bini’s Theorem, the map x +— Qof(z,y)dua(y) = > oo f(z,n) = > fi(z) is defined almost everywhere.
Furthermore, if we set this map equal to zero where the integral is undefined, Fubini’s Theorem also yields

3 fudn = /Q REOEOTNE /Q [ ey )y )= [ hu

which is the desired result. O

2.6 Infinite-Dimensional Product Spaces

Definition 2.20 (Infinite Product of Probability Spaces). Let {(€;, %, ;) }i>1 be a countable collection
of probability spaces. Then the product o-algebra F =[], F; on Q = Q1 x Qg x --- by sets of the form
Ay x Ay x --- where at most finitely many A; are not equal to €.

Theorem 2.21. In the above case, there exists a unique probability measure p on (Q, . F) such that pu(A; x
Ay x --+) =112, p(A;) whenever all but finitely many A; are equal to €2;.

Proof. For each n, let vy, = p1 X -+ X fi,. Let Q) = Qni1 X Qpao X ---. Aset A€ .7 is called a cylinder
set if it is of the form B x Q) for some n and B € .%; x .%,. Then let & be the collection of all cylinder
sets. Then o7 is an algebra and o(«/) = .#. Then define ; on o as follows: if A € & is B x Q") let
1(A) = v, (B). This can be easily verified to be well-defined.

Now, to show that u is a measure, it suffices to show that p is countably additive on & by Carathéodory’s The-
orem. Let Ay, Ay, -+ € & be disjoint such that A = [J;2, A; € &7. Then, for each n, let B,, = A\ (U}, 4;).
Then, since & is an algebra, B, € &, and A is the disjoint union of Ay, ..., A,, B,. But u is clearly finitely
additive, so u(A) = u(Bn)+pu(Ar)+- - -+u(A,) for each n. Therefore, it sufﬁces to show that lim p(B,,) = 0.
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Since {B, }n>1 is a decreasing sequence of sets, there is some € > 0 such that p(B,,) > ¢ for all n. We will
use this fact to yield a contradiction with the fact (-, B, = &.

For each n, let /(™ be the algebra of all cylinder sets in Q") and let u(™ be the analogue of u for
A(™M) | Then, for any n, m and (1., Tm) € Q1 X -+ X Qy, define By (z1,...,2m) = {(@m+1, Tmt2, -+ ) |
(T1y. s Ty Tont1, T2, - - - ) € Bp}. By a previous lemma, B, (21) € o/ and by Fubini’s Theorem, the
map 21 — pM (B, (1)) is measurable (1) is evidently a measure on the o-algebra of all sets of the form
D x Q™ € Q). Thus, the set F,, = {z; € Q1 | u (B, (x1)) > Ste 7.

Then, by Fubini’s Theorem,

p(B) = [ WO (B (o) = [

O (B, (1)) dpn (1) + / PO By ) () < i (F) + 5
F,

F

Therefore, pi(F,) > /2. Since {F,},>1 is a decreasing sequence of sets, (| F,, # @&. Choose z} € [ F,.
Repeating the above argument for the product space Q) and the sequence {B, (])}n>1, we find 25 € Qo
such that () (B, (z},x5)) > £/4 for every n.

Then, we get a point = (23,23,...) € Q such that for any m,n, u™ (B, (z%,...,2%)) > 5&. Then,

277L
for any n, notice that since B, is a cylinder set, it is of the form C, x Q") for some m, and some
Cp € F1 X -+ X Py, Since pl™) (B, (x7,..., 2%, ) > 0, there is some (T, 11, Tm+2,-..) € Q™) such

that («7,...,2), ,Tm,41,...) € Bn. But then x € B, so x € [, By, yielding the desired contradiction. [

3 Random Variables

Definition 3.1 (Random Variable). A random variable X is a measurable map from a probability space
(Q,.%#,P) to R. The interpretation of this definition is that each element w € Q is the outcome of some
randomized experiment, and that X (w) is a value attached to this outcome.

Definition 3.2 (Law of a Random Variable). The law of a random variable X is a measure px defined on
(R, B(R)) as px(A) =P(X € A) :=P({w | X(w) = A})

Given any probability measure p on R, there exists a random variable X with px = p. We construct this
random variable by letting Q € R, .# = B(R), P = p, and then letting X : @ — R be X (w) = w.

Definition 3.3 (Cumulative Distribution Function). The cumulative distribution function (c.d.f.) for Fx of
a random variable X is defined as Fx (t) = P(X <t) = ux((—o0,t]). Notice that since half-open intervals
generate the Borel sets as a g-algebra, the c.d.f. uniquely determines the law.

Given any non-decreasing, right continuous function F : R — [0,1] such that lim;,. F(¢t) = 1 and
lim;, o F(t) = 0, then there exists a random-variable with c¢.d.f. F. To construct this, we simply de-
fine p((a,b]) = F(b) — F(a) and then use Caratheodory’s theorem to construct p everywhere.

Definition 3.4 (Probability Density Function). A measurable function f : R — [0, 00) is called a probability
density function (p.d.f.) if ffooo f(x)dx = 1. A p.d.f. defines a probability measure on R (precisely, on the

set of Lebesgue-measurable subsets of R) given by u(A) = [, fdu.

Definition 3.5 (Random Variables and P.D.F.s). A random variable X is said to have a p.d.f. f if the
probability measure defined by f is the law of X.

Example 3.6. Not all random variables have a p.d.f. Indeed, any random variable X such that P(X = a) > 0
for any fixed a has no probably density function.

Notice that if f and g are two densities of X, they must be equal almost everywhere. Therefore, up to
almost-everywhere equality, it makes sense to define X ~ f.
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3.1 Expected Value and Variance

Definition 3.7 (Expected Value of a Random Variable). Let (2, .%,P) be a probability space and X : Q — R
be a random variable. We say that the expected value E[X] of X exists if f XdP is defined; in this case, we
define E[X] = [ X dP.

Immediately, we notice from this definition that expectation is linear: i.e., for any integrable random variables
X and Y, E[aX + bY| = aE[X] + bE[Y].

Proposition 3.8. Given any random variable X and any measurable function g : R — R. Then

Elg(X)] = / o(@)dpx ()

in the sense that the left-hand side exists iff the right-hand side exists.

Proof. Take an arbitrary random variable X : Q@ — R, and let ¢ : R — R be a simple function; i.e., g =
Yo aila, for Ay, ..., A, € B(R). Then, [ goXdP =", g(a;)P{w | X(w) € A;}) = >0 gla;)px (4;) =
J gdpx. Now, let g : R — [0,00) be a measurable function and {g, } be a sequence of nonegative simple
functions increasing to g. Then 0 < g, 0X and g, 0 X increases to goX. Then by the Monotone Convergence
Theorem, [ g, o XdP — [go XdP. But [ g, o XdP = [ g,dux and the latter increases to [ gdux. It is
then straightforward to generalize to any measurable function g : R — R by splitting g into its positive and
negative parts. O

Corollary 3.8.1. E[X] exists if and only if [, xdux (x) exists, and then the two are equal.
Proof. Apply the above proposition with the identity function id : R — R. O

Proposition 3.9. Suppose X ~ f. Then, for any measurable g such that g(X) is integrable

E[g(X)] = /Rg(x)f(x)dx.

Proposition 3.10. If X is a nonnegative random variable, prove that

ZIP’X>n ) < E(X ZIPX>n

n=1
with equality on the left if X is integer-valued.

Proof. Notice that P(X > n) = Y ;- P(k < X < k+ 1). Furthermore, since both sums have non-negative
terms, rearrangement is valid. Therefore,

ZIP’X>n :ii[@(kzg)(<k+1):inP(n§X<n+1)

n=1k=n n=0
ZIP’X>n Y Ph<X<k+1)=) n+HPn <X <n+1)
n=0k=n n=0
Yet, notice that @ = J;2 {w | n < X(w) < n+ 1} and furthermore this is a disjoint union. Thus,
/XdP— / XdP.
{wn<X(w)<n+1}

But, of course, nP(n < X <n+1) < f{w|n<X(w)<n+1} XdP < (n+ 1)P(n < X < n+ 1) with equality on
the left when X is integer-valued (for then X =n on {w | n < X(w) < n+ 1}). This yields that, as desired,

Y P(X >n)= Zn]P’n<X<n+1 ) <E(X Zn+1 (n<X<n+1)=> P(X >n)
= n=0 n=0 n=0
with equality on the left when X is integer-valued, as desired. O
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Theorem 3.11. If X is a nonnegative random variable,

E(X) = /OOO P(X > t)dt = /Ooo P(X > t)dt

interpreting both integrals on the right as Lebesgue integrals with respect to Lebesgue measure.

Proof. Let f(t,w) = 1if X (w) > t and 0 otherwise. Then, [[*P(X >t) = [~ JxsidPdt = [i o Jo fdPdt =
Jo f[O,oo) fdtdP = [, XdP = E(X), where we may apply Fubini’s Theorem on the basis that f is non-negative.
Similarly, define g(t,w) = 1 if X(w) > t and 0 otherwise. Then, again, [[°P(X >t) = [ [y., dPdt =
Jio) oy 9dBdt = [, [ gdtdP = [, XdP = E(X). 0

Definition 3.12 (Variance). The variance of a random variable X is defined to be
Var(X) = E[X?] - E[X]? = E[(X — E[X])?].
These two quantities can be seen to be equal by computing
E[X?] - E[X]? = E[X?] - 2E[X)? + E[X]? = E[X? - 2XE[X] + E[X]?] = E[(X — E[X])?].
Proposition 3.13. For any random variable X, Var(aX + b) = a? Var(X).

Definition 3.14 (Covariance). The covariance of random variables is defined to be

Cov(X,Y) = E[XY] — E[X]E[Y].

3.2 Standard Distributions
Following are a series of possible distributions for random variables:

Definition 3.15 (Normal Distribution). A random variable X has the normal or Gaussian distribution
with mean parameter 1 € R and standard deviation parameter o > 0 (denoted by X ~ AN (u, o)) if it has

p-d.f.
1 _(z—p)?

J(@) = oo 5

2ro

Definition 3.16 (Exponential Distribution). A random variable X has the ezponential distribution with
rate parameter A if it has p.d.f.
flx) = 2e™"

when x > 0 and 0 otherwise.

Definition 3.17 (Bernoulli Distribution). A random variable X has the Bernoulli distribution with param-
eter pif (X =0)=1—pand P(X =1) =p.

Definition 3.18 (Binomial Distribution). A random variable X has the binomial distribution with param-
eters n and p if P(X = k) = (})p*(1 — p)"~" for all 0 < k # n and 0 otherwise.

Definition 3.19 (Geometric Distribution). A random variable X has the geometric distribution with pa-
rameter p if P(X = k) = (1 —p)k~1p.

Definition 3.20 (Poisson Distribution). A random variable X has the Poisson distribution with parameter

NifP(X = k) = e 7.
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3.3 Characteristic Functions

Definition 3.21 (Characteristic Function). The characteristic function of a random variable X is defined
by ¢x(t) = E[e!*?] = E[costX] + iE[sin t X].

The characteristic function of any random variable exists because E|eX!| = E[1] = 1; thus, e'X? is integrable.
Proposition 3.22 (Boundedness of ¢x). |¢x(¢)| < 1.

Pmof This follows immediately from the identity | [ fdu| < [|f|du. This can be deduced by letting
= [ fdp, and then working out

’/fdu‘ =r=re e = /e_wfdu =Re (/e‘wfdu> = /Re (e f) dp :/|e_“9f|du :/|f|du.

O

Proposition 3.23 (Uniform Continuity of ¢x ). For any random variable X, the characteristic function ¢x
18 continuous.

Proof. Fix s,t. Then |¢px(t) — ¢x(s)] = [E[e¥ (1 — !C=DX)]| < Ele?X (1 — =0X)| < E|1 — DX,
Yet 1 — €' 5=9X converges to 0 for each w € Q and is dominated by the constant 2, so by the dominated
convergence theorem E|1 — ei(S*t)X| — 0 as s —t — 0. In other words, for any £ > 0, there exists § such
that if |s — t| < 6, then |px (t) — dx(s)| < E[1 — e!"DX| < ¢, as desired. O

Proposition 3.24 (Symmetry and Real ¢x). A random variable X is symmetric around 0 (i.e. P(X >
k) =P(X < —k) for any k > 0) if and only if ¢x is real.

Proof. This follows from the identity ¢_x = ¢x. O

Proposition 3.25 (Convolution of ¢x). For any random variables X and Y, ¢x.v(t) = ¢ox(t)oy (1).

Proposition 3.26. Suppose that X ~ N(0,1). Then, ¢x(t) = e~* /2.

7t2/
Proof. Now, ¢x(t) = \/ﬁf— itz o=2%/2 0y — \/ﬁz [ e it 2/2 .

Now, fix R > 0. Let C be the contour integral from —R to R to R —it to —R —it. Since the map z — e=%/2
is entire, the integral of e~ /2 along C is 0. Now, it can be easily shown that the vertical sections R to
R —it and —R to —R — it go to 0 as R — oo. Therefore, as R — oo, if C; denotes the contour —R to R and
C5 denotes the contour —R — it to R — it, then as R — oo

/ e~ 124, —/ e 24y 0.
Cl C2

But as R — oo, ‘[Cl e~ /2dz — /2 and fc2 e~ 2dz — 1= e=@=1/242 The result follows. O

3.4 Independence
For the remainder of this section, assume that (€2,.%,P) is a probability space.

Definition 3.27 (Independent Events). Two events A, B € .% are independent if P(AN B) = P(A)P(B).
More generally, {4;};cs are independent if P(A; N A;) = P(A4;)P(A;) whenever ¢ # j.

Definition 3.28 (Independent o-Algebras). Let {G;}icr be a collection of sub-o-algebras of .#. Then
these o-algebras are independent if for any distinct 41,...,4; € I and any A; € G;,,..., Ay € G;,, we have

PNy A7) = [T, P(4;).

Proposition 3.29. A collection {A;}icr of events is independent if and only if the collection {o({A;}) }icr =
{{@, A;, A5, Q}} of o-algebras is independent.
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Definition 3.30 (o-Algebra Generated by Random Variables). Let {X;};c; be a collection of random
variables defined on . Then, the o-algebra generated by {X;}icr, denoted o({X;}icr) is the o-algebra of
all sets of the form X, *(A) for i € I, A € B(R). This is the smallest g-algebra such that all of the X; are
measurable.

Definition 3.31 (Independent Collections). A set of collections of random variables {{X;}icr., taco 18
independent if the o-algebras {o({X;}ic1. ) }acw are independent. In particular, {X;};c; are independent if
{o(X;)}icr are independent. This is equivalent to the statement that for all 41, ...,i, € Tand all A,..., Ay €
B(R), P(Xil € A,... 7Xik S Ak) = ]P)(Xil S Al) .- I[’D(Xlk S Ak)

Proposition 3.32. Let uy, po, ... be a sequence of probability measures on R. Then there exists a probability
space (Q, F,P) and independent random variables X1, Xo,... on Q such that u; is the law of X; for each i.

Proof. This is done by taking P = p; x pp x ---, @ = RN, and X; defined in the obvious way. O

Example 3.33. There exist three three random variables X, X5, X3 that are pairwise independent but not
independent.

Proof. Consider the uniform distribution on Q = {a,b,c,d} (i.e. F = 29 and u(S) = %) Then let
X1(w) = 1{apy, Xo(w) = 1ia,c}, and X3(w) = 144 3. To show that X; and X; are independent for i # j, it
suffices to show that

PX;=1,X;=1)=P(X; =1 ) P(X; =0,X; =1)=P(X;

P 1 P(X;
P(X;=1,X;=0)=PX; =1)P(X; =0) P(X;=0,X;=0)=P(X;

0 1)
0)P(X;

0)

<

<
|

Yet notice that P(X; = n,X; = m) = 1 and P(X; = n) = 1 and P(X; = m) = § for any n,m € {0,1}.

Thus, all the above equalities hold and indeed X; and X; are independent whenever ¢ # j. Yet X, Xo, and
X3 are not independent as P(X; =1, X, =1, X3 =1) =0 yet P(X; = 1)P(Xy = 1)P(X5 =1) = &. O

Theorem 3.34 (Multiplicativity of Expectation). Suppose X1, Xa,..., X, are independent and integrable
random variables defined on (Q, F,P). Then, X1 --- X, is also integrable and E[X; ... X,)] = E[X;]---E[X,].

Proof. By induction, it suffices to demonstrate the result for n = 2. First, suppose X and Y are nonnegative
independent simple random variables, i.e., X =) . a;14, and Y = Zj bjlp;. Then,

EXY]=E) Y aibjlalp] =Y Y aibjEllanp] =Y Y aibP(AinB;) =Y iy aibP(A)P(B;).

But the last expression is precisely E[X]E[Y].

Now, suppose that X and Y are arbitrary nonnegative independent random variables. Then, there exist
nonnegative simple random variables X,, increasing to X and Y,, increasing to Y. Yet then, looking at the
construction, X,, is o(X)-measurable and Y}, is o(Y)-measurable, so that X, and Y — n are independent
and E[X,,Y,,] = E[X,]E[Y,]. But then X, Y, increases to XY, so by the monotone convergence theorem we
have E[XY] = lim, o0 E[X,, Y] = lim,, o0 E[X,]|E[Y,] = E[X]E[Y].

Finally, let X and Y be arbitrary. Then X and X~ are o(X)-measurable and Y and Y~ are o(Y)-
measurable, so that X and X~ are independent with Y+ and Y ~. Thus,

EXY|=E[(XT - X )(YT—Y )] =EXTY']—E[XtY | -EX Y] +EX Y]
= E[XT]E[Yt] — E[XT]E[Y "] — E[X]E[Yt] + E[X "]JE[Y ).

This shows that XY is integrable, as E|X| and E|Y| are both finite. Then, repeating the processes with
E[XY] instead of E|XY|, we also obtain E[XY] = E[X]E[Y] as desired. O

Definition 3.35 (Uncorrelated). Two random variables X and Y are said to be uncorrelated if Cov(X,Y) =
0.
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Proposition 3.36. If X and Y are independent and integrable, then they are uncorrelated.

Proof. First, suppose that X and Y are simple; that is, X = Zf 1a;ly, and Y = Z;nzl bj1p, for distinct
non-negative a; and b; and measurable 4; and B;. Then, 4; = X !'({a;}) € o(X) and B; = Y 1({b;}) €
o(Y') whence A; and B; are independent for each 4, j. Yet then

kK m k m
=Y aibjE(1a,15,) ZZ a;b;P(A; N Bj) = Z ZaibjP(Ai)P(Bj) = E[X]E[Y].

i=1 j=1 1=1j=1

Then, suppose that X and Y are non-negative and independent. Then, there exist simple random vari-
ables X,, increasing to X and Y, increasing to Y by Proposition Then, X,, is o(X)-measurable and
Y, is o(Y)-measurable by the construction in Proposition Thus X,, and Y,, are independent, so that
E[X,Y,] = E[X,]E[Y,] by our work above. Then, X,, + X and Y,, 1Y implies X, V;, 1 XY, so that by the
monotone convergence theorem E[XY] = lim,,_, E[X,Y,,] = lim,,, E[X,|E[Y,] = E[X]E[Y].

Then, suppose X and Y are independent. Then X+ and X~ are o(X)-measurable, and similarly Y™ and
Y~ are o(Y)-measurable. Thus,
EXY|=E[(XT - X )Yt -Y )| =EX YT -EXTY | -EX YT +E[X Y]
=E[XT|E[Y"] —E[XT|E[Y "] - E[X|E[Y "] + E[ X ]E[Y].

This shows that XY is integrable, as E[X 1], E[X~], E[Y ], and E[Y "] are all finite. Then, repeating the
processes with E[XY] instead of E|XY|, we also obtain E[XY] = E[X]E[Y] as desired. O

4 Inequalities, I’ Spaces, and Lemmas

This section dives into the details of random variables and provides tools for analyzing them.

4.1 Concentration Inequalities
In this section, we develop some useful tools for determining when a random variable is close to a fixed value.

Proposition 4.1 (Markov’s Inequality). Let (2, %, u) be a measure space. Let f : Q — [0, 00] be a measur-
able function. Then, for any t >0, p{w | f(w) >t}) < @.

Proof. Let A = {w | f(w) < t}. Then let g = 14 and h = { Then g < h, so [gdp < [hdu. But

dp = pf{w | f(w) >t} and | hd, — e so we are done. O
Jgdp = p{w | 1 .

Proposition 4.2 (Chebyshev’s Inequality). Let X be any random varible with E[X?] < co. Then, for any
t>0,

Var(X
P(X ~ E[X])| > 1) < “0),
Proof. By Markov’s inequality, P(|X — E[X]| > t) = P((X — E[X])? > 2) < EX= ]E[X]]z VaigX). O

Proposition 4.3 (Cantelli’s Inequality). Let X be a random variable with E[X?] < co. Then, fort >0,

2

g
— > <
P(X —E[X] > \) <

Proof. Fix u > 0. Define Y = X — E[X]. Then,

B B E[(Y +u)? o2 +u?
P(X —EX] >N =PY >N =PY +u>A+u) <P(Y +u)?>N\+u)?) < (Hu)Q = e

where the last mequahty is an application of Markov’s inequality. Then, notice that ( T + )2 can be minimized

O'

by letting v = -, from which the desired inequality follows. O
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Corollary 4.3.1. Let X be a real-valued random variable with E[X?] < oo. Then, fort > 0,

2
o

P(X —E[X|< -\ < ——.

Proof. Apply the Cantelli inequality to —X. O

This is superior to Chebyshev’s inequality for one-sided bounds, and inferior for two-sided bounds.

Following is an exploration of the Chernoff bound for independent random variables, which is useful for
applying the probabilistic method. For these, we use the moment generating function.

Definition 4.4 (Moment Generating Function). Let X be a random variable. Then the moment generating
function Mx (s) is defined to be E[esX].

Lemma 4.5. Suppose that X = > | X; where the X; are independent random variables. Then,

Proposition 4.6 (Multiplicative Chernoff Bound). Let X = > | X;, where X; = 1 with probability p;,
and X; = 0 with probability 1 — p;, and all the X; are independent. Let p =E[X]. Then,

(i) P(X > (1+8)p) < e~ for all 6 > 0.
(ii) P(X < (1= 08)p) < e /2 for all 0 < 6 < 1.
(iii) P(|X — p| > 6p) < 2e5°/3 for all 0 < § < 1.

Proof.
(1): First, notice that

Mx(s) = [T M () = ] Ti - "+ (1 = pi)) = [T 1+ pue” = 1) < [T er( 0 = el
i=1 i=1 i=1 i=1

Then, it follows that for any s > 0,

sX s(1+8)u X (e*—1p ,—s(14+8)p
P(X > (14+0)p) =P(e™ >e ) < Iy <e e .

Defining s = log(1 + d), we obtain that

) H
P(X > (14 6)u) < el - Duemlosa)tom — ()
- - (1 + 6)1+5

Now, log(1 + z) > 14z for all z > 0. Thus,
2

)
k) H o0 Iz 51— 1+5> -2 2
N L osl()”) Z guomamosan) < #20EF) Z T L et
(T+0)1 =

(ii): Now, it follows that for any s < 0

Mx (s) s
_ _ sX s(1-8)u X _ (e®—Dpu, —s(1-8)u
P(X <(1-906)u) =P’ >e ) < e i e e )

Defining s = log(1 — §), we obtain that

] ) p
og(1=0) 1), —log(1—8)(1—8)u _ €
P(X < (1= 0)u) < el e m‘(0®10‘
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Now, (1 —z)log(1 —z) > —z + “"—22 Thus,

-0 12 e— ®
<(1 65)1_5> _ Joe((575)") 2 gu(-6-01-9)108(1-0)) < (~54+5-6/2) _ o—no?/2,

(iii): This follows immediately from the prior two bounds. O
A similar additive result can be shown using the same methods:

Proposition 4.7 (Additive Chernoff Bound). Let X = >"" | X;, where X; = 1 with probability p; and
X; = 0 with probability 1 — p;, and all the X; are independent. Let u = E[X]. Then,

(i) P(X > p+0n) < e=2n8"
(ii) P(X < ju— 6n) < e 29"

(iii) P(|X — p| > 6n) < 2e7219"

4.2 The Borel-Cantelli Lemmas

Lemma 4.8 (First Borel-Cantelli Lemma). Let (2, %, u) be a measure space. Let Ay, Ag,--- € F. Suppose
that > "=, w(A;) < 0o. Then p({w | w € A4; i.0.}) = 0.

Proof. Notice that {w | w € A; i.0.} € (2, U;Z; Aj. Thus let B; = U;Z; A;. Then p({w |w € A; i0.}) =
lim;_, o pt(B;) because pu(B1) < co. But then p({w | w € A4; 1.0.}) = lim; oo p(B;) < limyyo0 > oo Ap =0,
because the tails of convergent series go to zero. O

Lemma 4.9 (Second Borel-Cantelli Lemma). Let {A,}22, be a sequence of independent events. Then, if
S [ P(A,,) diverges to +oo, then P(A, happens i.o.) = 1.

n=1

Proof. Let B be the event of A, happening infinitely often. Then B = (7., Us=, Ak. Thus, B¢ =
Uo—i Nie,, A5. Then, since (o, A% is increasing in n, P(B) = lim, . P (4=, A%). Yet then for any n

and any m > n,
m

P (ﬁ Az) <p (ﬁ Ai) T e = [T0 - P
k=n k=n k=n

k=n
and since 1 —x < e~ % for all z > 0,

m

[T Py < JLemm 0 = e Bt

k=n k=n

which goes to 0 as m — oo by the assumption that Y >  P(A,) diverges to +oco. Thus, P (=, A%) =0
for any n, whence P(B€) = lim,,_,», 0 = 0, yielding the desired result. O

Example 4.10. Suppose you have a random infinite string of the 26 letters of the English alphabet, where
each letter is drawn independently and uniformly at random. Then, the probability that every word appears
infinitely often is 1. To prove this, let WV be the set of words; since each word has finite length, W is countable.
Now, notice that it suffices to show that any single word appears infinitely often with probability 1, because
then by using countable additivity on the complement, we obtain that every word appears infinitely often
with probability 1. Yet this is immediate from the Borel-Cantelli Lemma, by letting A; be the event that
the (i — 1)w|th to ijw| — 1th characters form w (so that P(A;) = 26"l and the sum diverges).
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4.3 LP Spaces

Definition 4.11 (L? Spaces). Let (Q2,.%, 1) be a measure space. For p € [1,00), let LP(Q,.%#, 1) denote the
set of all measurable functions f : €2 — R such that [ |f[Pdu < oo. Let | ||, denote ([ |f\pdu)1/p.

Proposition 4.12 (Jensen’s Inequality). Let (2, F#, u) be a probability space. Let f : Q — I be a measurable
function where I C R is an interval. Let ¢ : I — R be a convex function (i.e. ¢tz + (1 —t)y) <
to(x) + (1 —t)d(y) for all x,y). Informally, the line between any two points of the graph of ¢ is above the
graph itself. Then, if ¢ o f is measurable,

Joosaunzo( [ rin)

Proof. Let x = [ fdu; then x € I. Then, by choosing a to be any number in the interval
PRESLOIMEOELO!)

ytz Tr—y ylz y—x

and defining b = ¢(z) — ax, a and b satisfy az + b = ¢(z) and ay + b < ¢(y) for all y € I. Then
o ([ fdp) =o(x)=az+b=a [ fdu+b= [(af +b)du< [¢o fdpu. O
Proposition 4.13 (Young’s Inequality). Suppose p,q € [1,00) are such that % + % = 1. Then Vx,y > 0,
xy < % + %.

Proof. Let 2 ={0,1} and f: Q — R be f(0) = aP and f(1) = y?. Let ¢(z) = —log z. Then ¢ is convex, so
Jensen’s gives ¢( [ fdp) = —log (% + %) < [¢o fdu= % (—logzP) + é (—logy?) = —log(zy). O

Proposition 4.14 (Holder’s Inequality). Suppose that p,q € [1,00) are such that % + % = 1. Take any

feLP(p), g€ LU p). Then fg € L' () and || fgllps < I1fllzo gl za-

Proof. Suppose that ||f||;, = ||9]|;« = 1. Then, by Young’s inequality, |fg| < % + %. Then [ |fgldu <

I |f1|)pd“ + I lgq‘qd“ = % + % = 1. Therefore, the result holds when f and g have norm 1, and we can obtain
O

the general result by replacing f and g with —L— and ——.
[FP lgllLa

Lemma 4.15. f + g € L? implies that f + g € LP.

~ 4 @ by Jensen’s.

lal+[b] ’p < lal
2 —

Proof. Suppose that p > 1. Then z — z? is convex on [0, 00), s, |“—+b|p < 5

2
p P P
Then f‘%‘ dp < f%du < oo whence [ |f 4+ g|” dp is finite. O

Corollary 4.15.1. Any LP space is a vector space.

Theorem 4.16 (Minkowski’s Inequality). For all f,g € LP(p) and all p € [1,00), ||f+gll;» < IIfll» +
gl Lo

Proof. Notice that p = 1 is the trivial case of the triangle inequality. Thus, assume that p € (1,00).
Furthermore, for now we will assume that f + g € LP(u). Then

/\f+g|pdu=/|f+g||f+9|”‘1duS/Ifl-\f+9|’°‘1du+/|g||f+glp‘1du

Then, let ¢ be such that % + % = 1. Then (p — 1)¢ = p. On the other hand, by Holder’s Inequality,

1/p 1/q 1/p 1/q
Justizsale=tas [lipear=tan< (1) (f1rear=taan) o [lar) " (f15+ o0 ain)

- 1 . 1
But this just equals (| /1, +gll ) (1S + glPdu)/?, soindeed [ [f+glPd < (1] o+ lgll) (S 1F + glPdys) ?
which can be rearranged to give the desired result. O
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Theorem 4.17 (Riesz-Fischer Theorem). For any measure space (Q, %, 1) and any p € [1,00), LP(Q,.F, 1)
is a complete normed space (i.e. any Cauchy sequence convergences).

Proof. Let {fn}n>1 be a Cauchy sequence in LP(u). Then, we can find a subsequence {f,, }x>1 such
that ||f,, — fullz» < 3¢ for any n > ni. Then, the sequence {f,, }72, converges pointwise almost ev-
erywhere. To see why, define Ay = {w | |fn, (W) = fupr, (w)| > 27%/2}, and notice that by Markov’s
inequality, p(Ay) < 27FP/2. Thus, Y50, u(Ar) < Yoo, 27%P/2 < oo, Then, by the Borel-Cantelli Lemma,
u({w | w € Ay infinitely often}) = 0. But if w is not in Ay infinitely often, then w is in only finitely many
Ap. Then |fp, (w) — faps, (w)] < 27%/2 for all but finitely many k. Thus 357, | fae,, (@) — fa, (W)] < 00
which implies that limy_,o fp, (w) exists. Define f(w) = limy_ oo fn, (w) if the limit exists and 0 otherwise.
By our work above, the latter case happens with measure 0.

Furthermore, by applying Fatou’s Lemma to f,,, we find that f is in LP. Indeed, f,, — f in LP. To
complete the proof, recall that if a Cauchy sequence in a metric space has a convergent subsequence, then
the full Cauchy sequence converges to the same limit. O

Theorem 4.18 (Monotonicity in p). Let (2, F,u) be a probability space. Then, for all 1 <p <gq, LI(n) C
L2(0). Moreover |[fl, < |1f] . for all f in L.

Proof. Now, since z + z%/P is convex, [ |f|%du = [(|f|P)/Pdu > ([ |f|pdu)qm7 where the final step is by
Jensen’s inequality. Thus, [|f|| .. > ||l .- O

On the other hand, monotonicity does not necessarily hold when € has infinite measure:

Proposition 4.19. Let ) be the Lebesgue measure on R. Then neither of L*()\) and L*(\) is a subset of
the other.

Proof. Let f be the function z — l[l%(m) Then,

<1
/|f|d)\:/ —dzr = o0
R 1 T
<1 1l s
/|f|2d)\:/ —dr=—=|" =1
R 1 T X

Therefore, f € L?(\) but f & L*()), so indeed L2(\) € LY(\).

Thus, f ¢ L'. On the other hand,

On the other hand, let g be the function = iofl Then,

/ lg|d\ = hm / —dz = hm (In(1) = In(¢)) = lim In (1) = lim In(u) = 0.
t—0 t

uU—r 00
Therefore, g ¢ L?. On the other hand,
/ lgldA = lim / —dsc = lim L(2V1-2v) =2,
Therefore, f € L(\) but f & L?()), so indeed L*(\) € L?(\). O

4.4 The Kolmogorov Zero-One Law

Definition 4.20 (Tail o-Algebra). Let X7, X5, ... be a sequence of random variables on a given probability
space. Then the tail o-algebra generated by this family is

(oo}
T(X1,Xa,...) = () o(Xn, Xng1,- )
n=1
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Theorem 4.21 (Kolmogorov Zero-One Law). If {X,}52, is a sequence of independent random variables
defined on a probability space (2, F#,P) and T is the tail o-algebra of this sequence, then for any A € T,
P(A) is either 0 or 1.

Proof. Take any n. Then, since A € o(X,41, Xpt2,...) and the X;’s are independent, it follows that
A is independent of the o-algebra o(Xy,...,X,). Then, let A = Jo°,0(X1,...,X,). Then, o(A) =
0(X1,Xs,...). Then, A is independent of B for every B € A, so A is independent of o(X;, Xo,...). But
then A is independent of itself, so P(A) = P(AN A) = P(A)? whence P(A) is either 0 or 1. O

Example 4.22. Consider independent random variables X7, Xs,.... Let S, = > I | X; and {a,} be a
sequence of positive real numbers increasing to co. Then, let L = limsup,,_, . f—" Then, for any t € R,
the event {L < t} is a tail event. Thus, for all ¢, P(L < t) is either 0 or 1. Therefore, there exists some
¢ € [—00,00] such that P(L = ¢) = 1. In summary, it follows that for any a,, T 0o, there exists some ¢ such
that P(lim sup aS—: =c)=1.

5 Convergence Results

This section covers the laws of large numbers and the central limit theorem, which are the two main results
which are used to show the convergence of sums of random variables.

5.1 Types of Convergence

First, we begin with a recap of various types of convergence. Then, we discuss equivalent formulations of
these notions as well as various relationships between them:

Definition 5.1 (Convergence Almost Everywhere). A sequence of random variables {X,}52; on a prob-
ability space ) converges almost everywhere to a random variable X on 2 if for almost all w € £,
lim,, 00 Xp(w) — limy, o X (w). This is denoted “X,, — X almost everywhere” or “X,, = X a.s.”.

Definition 5.2 (Convergence in Probability). A sequence of random variables {X,,}22; on a probability
space ) converges in probability to a random variable X on Q if for all € > 0, lim,,_,o, P(| X, — X| > ¢) = 0.
This is denoted “X,, — X in probability” or “X,, B x.

Definition 5.3 (Convergence in Distribution). A sequence of random variables {X,,}72; with respective
c.d.f. F,, converges in distribution to a random variable X with c.d.f. F if for any ¢ € R which is a continuity
point of F, lim,,, F,(t) = F(t). This is denoted “X,, — X in distribution” or “X,, 4 x7,

Definition 5.4 (Convergence in LP). A sequence of random variables { X, }52 ; converges in L? to a random

p
variable X if || X,, — X||;, — 0 as n — 0. This is denoted “X,, = X in LP” or “X,, L X7 The special case
of p =1, convergence in L', is particularly important.

Definition 5.5 (Convergence in Expectation). A sequence of random variables {X,,}5°; converges in ex-
pectation to a random variable X if E[X,,] — E[X].

Following is a diagram of the relations between the various types of convergence.
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Given a sequence of random variables...

convergence in LP
implies convergence in L" forr<p

convergence of LP norm

.( convergence

convergence in LP
everywhere ettty >L
Lo 3 :
T . ! pth root is :
LorTTTTTTmm e ' uniformly H
v ; P 1 H
E : dominated by L” r.v. ! integrable :
v o , v : ;
convergence of L' norm !
convergence convergence
almost-everywhere | [ )L inL? !
A A A dominated by L"rv, 3 i
: : subsequence : : :
E E E v uniformly E E
N integrable ! H
b R convergence | T i
s _’{ inprobability [ 1 :
h discrete and independent pth power is
: uniformly
"""""""" TooTmmToomomomomoomooseond integrable
sum of independent r.v.s.
Legend
unconditional implication —— v v
sufficient condition --------- > ] )
necessary and sufficient condition * convergence ._._tniformly integrable __ ‘convergence
in distribution in expectation
Note: Convergence in distribution is equivalent to pointwise Note: Uniform integrability is equivalent to uniform L-
convergence of characteristic functions, which is equivalent to boundedness and uniform absolute continuity. It is also implied
uniform convergence of characteristic functions. by uniform LP-boundedness for p > 1 and uniform boundedness.
Note: if Q is complete, the object of convergence is unique up to
almost-everywhere equality for all notions except distribution.
The remainder of this subsection is dedicated to proving this result.
5.1.1 Unconditional Relationships
Proposition 5.6. X,, — X everywhere implies X,, — X a.e.
Proof. Trivial. O

Proposition 5.7. X,, — X a.e. implies that X,, — X in probability.

Proof. Fix e > 0. Let A = {w | AN, Vn > N, | X, (w) — X(w)| < €}. By definition of a.e. convergence,
P(A) = 1. Now, for all N, let Ay ={w |Vn > N |X,(w) — X(w)| < }. Since Ay 1 A4, P(An) T P(A) = 1.
Thus, there exists N’ such that P(An/) > 1 — ¢; then, for all n > N, P(|1X,, — X| >¢) <1 —e. O
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Proposition 5.8. For1 <p <oo, X, = X in LP implies X,, — X in probability.

Proof. Fix € > 0. If p < 0o, then by Markov’s inequality,

1 1
i —fl>e)= l — fIP > ¢P) < lim — — fIPdy = lim — — flIP =
Jim p([fn = fl 2 €) = Tim p([fn = fI7 2 €P) < lim. 6p/lfn fIPdp = lim 2 fo = fllL.

On the other hand, if p = oo, there exists N such that || f, — f||., < e foralln > N. But then || f, — f|| <¢€
implies u(|fn — f| > €) = 0, so the result also follows in this case. O
Corollary 5.8.1. X,, — X in L' implies X,, — X in probability.

Proposition 5.9. X,, — X n probability implies X,, — X in distribution.

Proof. Let t be a continuity point of Fix. Fix € > 0. Then
Fx,(t)=P(X, <t) <P(X <t+e)+P(X, - X|>e).

Then, lim, o P(|X,, — X| > €) = 0, so limsup Fx_(t) < Fx(t 4+ ¢). Then, since Fx is continuous at
t, this implies that limsup Fx (t) < Fx(t). A similar argument shows that liminf F'x, (t) > Fx(t), so
lim F'x, (t) = Fx(t). The result follows. O

Proposition 5.10. X,, — X in LP implies X,, — X in L" whenever p > r.

Proof. First, notice that f(z) = zP/" is convex. Thus, by Jensen’s inequality, E[|X — X,,|"]?/" < E[|X —
X,[P] = 0 as n — oo, so E[|X — X,,|["]?/" — 0 as n — oo whence E[|X — X,,|"] = 0 as n — oc. O

Corollary 5.10.1. For any p > 1, X,, — X in LP implies X,, — X in L.

5.1.2 Necessary and Sufficient Conditions

Definition 5.11 (Uniformly Integrable). A sequence of random variables {X,},>1 is uniformly integrable
if for any € > 0, there is some K > 0 such that for all n,

/ |Xn‘dﬂl <e.
[Xn|>K

Proposition 5.12 (Alternate Definition of Uniform Integral). A sequence of random variables {X,,}n>1 is
uniformly integrable if and only if sup, E|X,,| < oo and, for all e > 0, there exists 6 > 0 such that u(F) < ¢
implies [ | Xy|dp < oo for all n.

Proof. Suppose {X,,} is uniformly integrable. Then, there exists K such that E(|X,| | |X,| > K) < 1.
Then, for all n, E|X,| = f‘angK | X |dp + f‘Xn|>K | X, |dp = K + 1, so sup,, E|X,,| < co. Then, fix £ > 0.

By definition, there exists K such that fIXn\>K | Xn|du < §. Then, let § = 5%. If u(F) < 6, then for any n,

/ |Xn|du=/ \Xn|du—|—/ | Xnldpy < —= + - =¢.
P FO{|Xn|<K} FA{|Xn|>K} 2K 2

Suppose sup,, [ |fnldn < oo and, for all €, there exists ¢ such that p(F) < ¢ implies [ |X,| < e for all

n. Then, fix X,, is uniformly integrable. Then, for all K > M, Markov’s inequality implies that
p{|fa] > K} < K7 [|foldp < K~ tsup, [ |foldp < 8, so that Jifa 150 lfnldi <&, as desired. O

Lemma 5.13 (Absolute Continuity of the Integral). Let f be an L' function. Then, for any ¢ > 0, there
exists 6 > 0 such that u(A) < 6 implies [, |fldp < e.

Proof. First, notice that we may replace f by |f]|; that is, it suffices to show the result for f nonnegative.
Suppose, for the sake of contradiction, there exists € > 0 and a sequence of sets A,, so that u(A,) < 2™
but [, fdu > e. Consider g,(x) = f(x)xa, (x). Then g,(z) — 0 as n — oo except for points & which lie in
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infinite many A,s. But the collection of such points has measure 0, so g,(z) — 0 almost everywhere. Then,
set fr, = f — gn, so fn > 0 and f,, — f almost everywhere. Then Fatou’s Lemma yields the contradiction

/fdugliminf/ fndug/fd,u—limsup/ gndug/ fdu—limsup/ fnd,ug/fd,u—s.
E E E E E A, E

O

Corollary 5.13.1. Let {X,}n>1 be a sequence of random variables which is dominated by an L' random
variable X. Then {X,} is uniformly integrable.

Lemma 5.14. Suppose that 1 < p < co. Then, if sup,, || X, ., is finite, {Xp}n>1 ts uniformly integrable.
Proof. Fix R. Then, x{s>g}|f(x)|RP~! < |f(x)[P. Then, integrating,

/If | R‘fn|dN§R17pSUP/|fn|pd#
n|> n

which tends to 0 as R — o0o. The result follows. O

Proposition 5.15 (Vitali Covergence Theorem). Suppose {X,}n>1 is a sequence of LP random variables
and X is a random variable. For any 1 < p < 0o, X,, = X converges in probability and | X,|P is uniformly
integrable if and only if X,, — X in LP.

Proof. Assume that X,, — X in LP. Then, Proposition [5.8] implies that X,, — X in probability. Simi-

larly, fix ¢ > 0. Then, select N such that [|X, — Xy|Pdp < § when n > N. Now, there exists § > 0

such that pu(E) < ¢ implies [, |X,|Pdp < § for n < N. On the other hand, for n > N, if u(E) < 4,
S | XnlPdp < [ |1 X0 — Xn|Pdp + [ | Xn[Pdp < e. Thus {X?} is uniformly integrable.

Assume X,, — X in probability and | X, |? is uniformly integrable. Fix € > 0. Then let E, = {|X,, — X| >

(%)l/p}. Choose 0 > 0 such that [, XPdy < § and [, XPdpu < § whenever p(E) < 4. Then, take N such

that if n > N then p(E,) < . It follows that for n > N, fEn |Xn — X|Pdp < 2. On the other hand,

fE% | X, — X[Pdp < §. Thus, [[X, — X[Pdu < ¢, as desired. O

Corollary 5.15.1. Suppose that {X,,} is a sequence of L' random variables and X is a random variable.
Then X,, — X converges in probability and | X, | is uniformly integrable if and only if X,, — X in L.

Corollary 5.15.2. Suppose X,, — X in L*. Then X,, — X in LP if and only if {XP} is uniformly integrable.
Proof. Trivial. O
Proposition 5.16. For any 1 <p < oo, if X, = X a.e. and | Xy, = | X0, Xn = X in LP.

Proof. Let Y,, = | X|P + | X,|P —|X — X,|P. Then Y,, is non-negative for each n and Y,, — 2|X|P pointwise
almost everywhere. Thus, by the almost-everywhere version of Fatou’s Lemma,

/2\X|pd,u§liminf/(|X|p+|Xn|p— |X—Xn|p)du:/ |X|p+liminf/ |Xn|p+liminf/(—|X—Xn|p)du

:/ |X|p+liminf/ |Xn|p—limsup/ | X — X, |Pdu
E n—oo @ n—oo JE

:/ 2|X|p—limsup/ | X — Xn|Pdu
E E

n—oo

where the final equality follows from the assumption lim, .o [ [Xn|? — [, |X[?. Now, if we rearrange
the inequality given by the above calculation, we obtain limsup,,_, . fE | X — X,|Pdp < 0. Of course,
lim infy, o0 [5; [X — X,[Pdp > 0, so indeed limy, o0 [ | X — X, [Pdp = 0 and X,, — X in LP. O

Corollary 5.16.1. If X,, — X a.e. and E[X,,]| — E[X], then X,, — X in L'.
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5.1.3 Sufficient Conditions
Proposition 5.17. X, Ly x implies that there exists a subsequence {ny} such that X,,, — X a.e.

Proof. By convergence in probability, there exists a subsequence {X,, }x>1 such that for all k, P(|X,, —
Xppa| > 27F) < 27F Thus, by the Borel-Cantelli Lemma, P(|X,, — Xn,,,| > 27%i0.) = 0. Thus,
{Xn, (w)}k>1 is a Cauchy sequence with probability 1. Then, define Y (w) to be limy X, (w) if X,,, (w) is a
Cauchy sequence and 0 otherwise. Then X,, — Y a.e. But then, X,,, — Y in probability by Proposition
But then, by Proposition [5.23} X =Y a.e., so that X,,, — X a.e. O

Corollary 5.17.1. Suppose that {X,,}n>1 is a non-decreasing sequence which converges to X in probability.
Then X,, > X a.e.

Proof. By the above proposition, there is a subsequence (X, )k>1 converging to X a.e. But then (X,)
converges to X a.e. by monotonicity. O

Proposition 5.18. X, Ly implies that E[X,,] — E[X].

Proof. This is immediate:
0= lim /|Xn—X|d,u2 lim ‘/(Xn—X)dM’ = lim '/Xnd,u—/XdM’ = lim |[E[X,] - E[X]|.
n— 00 n—o00 n—o00 n—o00

O

Proposition 5.19. Suppose {X,} is a sequence of discrete and independent random variables. Then X,, —
X in probability implies that X,, — X a.e.

Proof. This follows from the Second Borel-Cantelli Lemma. O

Lemma 5.20 (Ottoviani’s Inequality). Let Xi,..., X, be independent random wvariables. Let Sk, =
> i1 Xi and Sy, = So . Then, for all e >0,

i < ; < :
1g1;§np(|5k,n| < e)P(max |Si] > 2¢) < P(|Sn| > ¢)

Proof. Let Ay, be the event that |Sy| is the first |.S;| strictly greater than 2e. Then the event max;<;<p |Si| >
2¢ is the disjoint union |J;'_; A;. Then, since | S| is independent of |Si|, ..., [Sk|,

P(Ag) 1r<r11£1 P(|S;n] <e) <P(A and |Sk,n| <€) =P(Ay and |Sk | < &) <P(Ay and |S,| > ¢€)
<j<n

where the final step is because Ay, and |Sk | < ¢ implies |S,| > . Then, sum over k to conclude. O

Proposition 5.21. Suppose that {X,} is a sequence of independent random variables. Then, if Y X,
converges in probability (i.e., if for any € > 0, there exists N such that P(|Sy, | > ¢) < e whenn >m > N),
>0 X converges almost surely.

Proof. First, notice that S,, doesn’t converge if and only if I = inf,,cz+ supgez+ |Sm, m+k| doesn’t equal 0.
Thus, it suffices to show that I = 0 with probability 1. Let ¢ > 0. Then, by Ottoviani,

€ €
1 N < = < . — .
2,k (|S<m+’“m“)| = 2) P (fgz?fj Sk > 5) <P (‘Smﬁm' ~ 2)

For any § > 0, by convergence in probability, there exists Ns such that P(|Sn; ;45 > §5) < dfor0 <k < j.
Then P (|S(ny+5n554+5]) =1 — 6 and P (|Sn,, v+ > 5) < 6, so P(maxi<k<; |Sns,ny+k| > €) < 125. Then,

5
P| inf sup |S >e | <P max |[Sn; >e | < ——
T e N o e

Then, since ¢ is arbitrary, by driving 6 — 0 we find that P(inf,,,cz+ suppez+ [Sm,m+k| > €) = 0 for any € > 0.
Therefore, taking ¢ — 0, P(inf,,cz+ suprcz+ |Sm,m+x| > 0) = 0 and the result follows. O
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Proposition 5.22. Suppose that X,, — X a.e. Also suppose that there exists an LP random variable Y such
that X,, <Y for all n for some 1 < p <oo. Then X,, — X in LP.

Proof. This follows immediately from the dominated convergence theorem. O

Corollary 5.22.1. Suppose that X, — X a.e. Also suppose that there exists an L' random variable Y such
that X,, <Y for all n. Then E[X,] — E[X].

5.1.4 Additional Notes
Proposition 5.23. The following hold:
1. Suppose that X,, - X a.e. and X,, =Y a.e. Then X =Y a.e.
2. Suppose that X, — X in probability and X,, — Y in probability. Then X =Y a.e.
3. Suppose that X, — X in LP and X,, =Y in LP. Then X =Y a.e.
4. Suppose that X,, — X in L' and X, =Y in L'. Then X =Y a.ec.

Proof. (1) is trivial, and (4) follows from (3). Furthermore, (3) follows from the fact that X, — X and
X, — Y in L? implies that [|X — Y [Pdy = 0 whence | X — Y|P = 0 a.e. whence X =Y a.e. Finally, (2)
follows from the fact that there exists a subsequence {X,, } of {X,,} converging to X a.e. and converging to
Y in probability, and then a subsequence {X,, } of {Xp,, } converging to X and Y a.e.,s0 X =Y ae. O

Finally, the statements about convergence in distribution shall be proven in the following subsections.

5.2 The Weak Law of Large Numbers

Theorem 5.24 (Quantitative Weak Law of Large Numbers). If X1, Xo,..., X, be L? random variables
defined on the same probability space. Let p; = E[X;] and 0;; = Cov(X;, X;). Then, for any e > 0,

1 — 1 — 1 «—
P<nZXin;,ui 25> §52n2 ZUi]w

i=1 i,j=1
Proof. Apply Chebychev’s inequality to the variance of a sum of random variables. O

Corollary 5.24.1 (L? Weak Law of Large Numbers). If {X,,}5°; is a sequence of i.i.d. with common mean
u and uniformly bounded finite second moment, then ZT:Tlx converges in probability to p as n — oco.

5.3 The Strong Law of Large Numbers

Theorem 5.25 (Strong Law of Large Numbers). Let {X,}n>1 be a sequence of pairwise independent and
identically distributed random variables with E[X1] < co. Then L 3" | X, tends to E[X;] almost surely as
n — 00.

Proof. First, notice that by splitting into positive and negative parts, we may assume that the X; are non-
negative. Then, define ¥; = X;1(x,<;3. Then Y72, P(X; # Vi) = 22 P(X < i) = 372, P(X; > 4) <
E[X;] < co. Therefore, by the first Borel-Cantelli Lemma, P(X; # Y; i.0.) = 0. Yet if X; # Y; finitely often,
Ly X, — 23" Y, — 0 as n — oo. Next, notice that [E[Y;] — E[X1]| = |[E[Y; — X;]| < E[|Y; — X1] =
E[lY; — Xil] < E[Xil{x,>i3) = E[X11{x,>43]. Then, notice that as i — oo, then X11¢x,~;; — 0 by Markov’s
inequality as E[X;] < oo. Thus, by the Dominated Convergence Theorem, E[X;1(x,>;) — 0 as i — oo.
Thus, E[Y;] = E[X1] as i — oo, so that L 31" | E[Y;] - E[X1] as n — oc.

Thus, since £ 3" X, — 13" | ¥; — 0 as n — oo almost surely, and £ 37" | E[Y;] — E[X;] as n — oo, it

1
suffices to show that + 37"  (Y; — E[Y;]) — 0 almost surely. Let Z, = %Zil(Yz — E[Y;]). For any n > 1,
let k., = [@™]. We show that for any o > 1, Z;, — 0 almost surely.
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Fix ¢ > 0. Then, by the Weak Law of Large Numbers P(|Zk,| > ¢) < gf_,kg Yo 12 ", Var(Y;). Thus,
S P2k, > e) < F 30 Var( )ank >i kQ. Yet, there exists some 8 with k11 /k, > 8 for all suffi-

ciently large n, so that an Ky, >i k2 <z an B < . Then, by increasing C' if necessary, this inequality
holds for all n.

Thus, by the monotone convergence theorem,

= C & Var(y; > C — E[XQ\X1<Z]
ZP(|Z’%|>€)§§Z ;2 S?Z *;22 11'2 = Xlzz *EX1]<OO
n=1 i=1 i=1 i=1 i>x, "
Hence by the first Borel-Cantelli Lemma, P(|Zx, |) > € i.0.) = 0. Thus, Z;, — 0 a.s. as n — oo.
Now, our goal is to show that Z,, — 0 a.s. Let T;, = Y7 +--- +Y,,, and take k, < m < k1. Then,
kn, Tkn o Tkn < T7m < Tkn+1 . Tkn+1 kn-‘rl
kn+1 kn knJrl T om kn kn+1 kn '
But then, taking m — oo, since ky11/k, — « and T}, /k, — p almost surely, the above imply that
T, T,

ot < liminf — < limsup — < au

(07 m—oo M m—oo M
for any o > 1, which is sufficient to establish the desired result. O

5.4 Prerequisites for the Central Limit Theorem

This section prepares us to prove the Central Limit Theorem, which is the following result:

Theorem 5.26 (Central Limit Theorem). Let X1,Xo,... be iid. random variables with mean 0 and

variance 1. Let S, = X1 +---+ X,,. Then = w converges in distribution to N'(0,1).

For, this we need some preliminary material.

Definition 5.27 (Tight Family). Let {X,;};cr be any collection of random variables. Then, {X;}icr is a
tight family if for all € > 0, there exists K > 0 such that P(|X;| > K) < e for all i € I.

Proposition 5.28. If X, L X in distribution, then {X,}n>1 is tight.

Theorem 5.29 (Helly’s Selection Theorem). If {X,}n>1 is a tight family, then there is a subsequence
{ Xy, te>1 that converges in distribution.

Proof. Let F,, be the c.d.f. of X,,. By the standard diagonal argument, there is a subsequence {ny},>1 such
that Fi.(q) = limg_,00 F, (q) for every rational q. Then, for every x € R, define F(x) = inf,cq,q>a Fi(q)-
Then, F is non-decreasing and it can be straightforwardly shown that it satisfies both lim sup,,_, . Fp, (z) <
F(z) and liminfy_, o Fp, () > F(2), so limy_,oc Fpn, (z) = F(x) whenever z is a continuity point of F. O

Theorem 5.30. X,, converges to X in distribution if and only if E[f(X,,)] converges to E[f(X)] for every
bounded continuous function f: R — R.

Proof. Suppose that X, 4 x. Then, take any f : R — R bounded and continuous. Then {X,,},>1 is tight,
so that there exists K > 0 such that for all n, P(]X,,| > K) < ¢ and P(|X| > K) < e. Since f is bounded,
there exists M > 0 such that |f(z)] < M for all z. Since f is continuous, it is uniformly continuous in
[ K, K]. Thus, there exists some § > 0 such that z,y € [-K, K| with |z — y| < J implies |f(x) — f(y)| < €.
Now, we may choose —K = z1; < 29 < -+ < x,,, = K such that each x; is a continuity point of Fx and
Tiy1 — x; < 6 for each 1.
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Let g(@) = 0if [z > K and f(z:) if € (21,2, Then [Ef(X,) — Eg(X,)| = [E[(X,) — g(Xu)]| <
E|f(X,) — 9(X,)|. Now, if X,, € (—K, K|, this quantity is at most ¢, and if X,, € (—K, K), this is bounded
above by M. Thus, E|f(X,) — g(X,)| < MP(X,, € (-K,K]) + eP(X,, € (-K,K]) = Me+e = (M + 1)e.
By the same argument, [Ef(X) — Eg(X)| < (M + 1)e. Yet, Eg(Xn) = >ivy f(0i)Pyi < Xy < yig1) =
S ) (Fa) — Fulgi 1)) — Sty £ (F(g) = Flyi 1) = Elg(@)]. Thus, limsup,_, . [Ef(X,) —
Ef(X)| <2(M + 1)e, and since this holds for any ¢, we obtain limsup,,_, |[Ef(X,) — Ef(X)| = 0 and the
result follows.

Then, suppose that E[f(X,)] — E[f(X)] for any bounded continuous function f, and take a continuous
point ¢ of F'x. Then take ¢ > 0. Let f. be the function that is 1 below ¢, 0 above t 4 ¢, and goes down
linearly from 1 to 0 in the interval [, 4 ¢]. Then limsup,,_,, Fx, (t) < limsup,,_, . E[f(X,)] = Ef(X) <
Fx(t + ¢). Since Fx is right-continuous, taking ¢ — 0 yields limsup,,_,o, Fx, (t) < Fx(t). Similarly,
liminf, . Fx, (t) > Fx(t). Thus, lim, - Fx, (t) = Fx(t) whenever t is a continuity point of Fx, so that
X,, — X in distribution. [

Corollary 5.30.1. Two random variables X and Y have the same law if and only if E[f(X)] = E[f(Y)] for
all bounded continuous f.

Corollary 5.30.2. If {X,,}5%, is a sequence of random variables converging in distribution to a random
variable X. Then for any continuous f : R — R, f(X,) A f(X).

Theorem 5.31 (Slutsky’s Theorem). If X,, — ¢ € R in probability and Y,, = Y in distribution, show that
XY, —»cY and X,, +Y, — c+Y in distribution.

Proof. Let F be the c.d.f. of Y 4+ ¢ and ¢ be a continuity point of F. Fix ¢ > 0. Then, if X,, + Y, < ¢,
either Y, + ¢ < t+ ¢ or X,, — ¢ < —e. Thus, the union bound yields P(X,, + Y, <) < P(Y, +¢ <
t+e)+P(X, —c < —¢). Then, if t+¢ is also a continuity point of F, limsup,,_,. P(Y,+c < t+¢e) = F(t+¢),
and limsup,,_, . P(X,, — ¢ < —¢) = 0. Thus, limsup,,_,.  P(X, + Y, <t) < F(t +¢).

Similarly, if Y, +¢ < t—e, either X, +Y,, <t or X,,—¢ > . Thus, the union bound yields P(Y,,+¢ < t—¢) <
P(X,+Y, <t)+P(X,—c > €). Then, if t—e¢ is a continuity point of F', liminf,,_, o P(Y,+c < t—e) = F(t—e¢),
and liminf,, . P(X,, — ¢ > ¢) = 0. Thus, liminf, . P(X, + Y, <t) > F(t —¢).

Now, since F' has only countably many points of discontinuity, there exists a sequence {e;} — 0 such that
t+¢; and t — g; are continuity points of F' for each i. Furthermore, since F' is continuous at t,

F(t) = lim F(t+¢;) > limsupP(X, +Y, <t) >liminfP(X, +Y, <t) > lim F(t —¢;) = F(t)

J—0o0 n—o00 n—00 J—00

Thus, lim,, .o P(X,, + Y, <t) = F(t), and the result follows.

Suppose ¢ > 0. Let F be the c.d.f of ¢Y. Fix € > 1. Then, if X,,Y,, < ¢, either ¢Y,, < et or % < é Thus,
P(X,Y, <t) <P(cY, <et)+P(22 < 1). Then, if te is a continuity point of F, limsup,,_, ., P(cY,, < te) =
F(te), and limsup,,_, ., P(£= < 1) = 0. Thus, limsup,,_, P(X,Y,, <t) < F(t+¢). Similarly, if ¢, < £, ei-
ther X,,Y,, <tor % > ¢. Thus, P(cY, < ﬁ) <P(X,Y, <t) +IP’(% > ¢). Then, ifﬁ is a continuity point of
F, liminf,, o P(cY, < é) = F(é), and liminf,, _, o P(% > ¢) = 0. Thus, liminf, . P(X,Y, <t) > F(g)
Now, since F' has only countably many points of discontinuity, there exists a sequence {¢;} — 1 such that
te; and EL are continuity points of F for each i. Furthermore, since F' is continuous at t,

t
F(t) = lim F(te;) > limsupP(X,.Y,, <t) > liminf P(X,Y, <t) > lim F () = F(t)
J—>00 n— 00 n—oo J—00 &‘j

Thus, lim, . P(X,Y, < t) = F(t), and the result follows. Similarly, for the case ¢ < 0, notice that
—X, — —c in probability, so that —(X,Y,) — —cY in distribution by the above work, which immediately
implies that X,,Y,, — cY, as desired.
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All that remains is to show that if X,, — 0 in probability and Y,, — Y in distribution, then X,Y,, — 0 in
distribution. Fix ¢ > 0. Then, |X,Y,| > ¢ implies that either |Y,,| > £ or [X,,| > e. Thus, P(|X,Y,| > t) <
]P’(|Yn\ > ﬁ) —|—]P’(|Xn| > ¢). Now, if g and —ﬁ are both continuity points of the c.d.f. of ¥, lim,_, o P(|Y| >

L=P(Y]|>1). Yetase — 0, P(|Y| > £) — 0. Since F has only countably many points of discontinuity,
there exists a decreasmg sequence {e;} — O such that and te; are continuity points of F' for each . Thus,

t t
0< hm P(| X, Y, >t) < hm lim (IP’ (|Yn| > ) +P(| X, > ej)> < lim P (|Y| > ) =0.
—00 N—00 €j Jj—o0 €j
Thus, P(|X,Y,| > t) = 0 for any ¢t > 0. Therefore, P(|X,Y,| < t) = P(X,.Y, <t) - P(X,Y, < —t) = 1,
whence P(X,)Y,, <t) =1 and P(X,Y,, < —t) for any ¢t > 0. That is, P(X,,Y,, <) is equal to 0 if ¢ < 0 and
1if ¢ > 0, and therefore X,,Y,, converges in distribution to the random variable 0. O

Theorem 5.32. Let X2be a random variable with characteristic function ¢. Then, for each 6 > 0, deﬁne
folx) = 5= [7_ e =0 ¢(t)dt. Then, for any bounded continuous g : R — R, E[g(X)) = limg_o [~ g(x)fo(z)dx
Proof. Let 1 be the law of X, so ¢(t) = [~ e™du(y). Then, applying Fubini’s theorem, fy(z) =
= f f i(y—x)t—0t> dtdu( ~ Yet f, z(y x)t—0t> dt — ff i(20)*1/2(y795)s 67;2 ds — \/gef(yfxy/z;@'

(y—x)2 /40

Thus f@( ) = ffooo erp(y). Then fg(x) is the p.d.f. of X + Zy, where Zy = N(0,26), so that
f_ z)dx = E[g(X + Zy)]. But Zy — 0 in probability as 6 to 0, so X + Zy — X in distribution by
Slutksy s theorem7 and E[g(X + Zy)] — E[g(X)] as 8§ — 0 by the previous theorem. O

Corollary 5.32.1. Two random variables X and Y have the same law if and only if they have the same
characteristic function.

Corollary 5.32.2. Let X be a random variable with characteristic function ¢. Suppose that

/OO |6(t)|dt < oo.

Then X has a probability density function f given by f(x) = 5= f_ e~ g(t)

Proof. Now, recall that fy is the p.d.f. of X + Zy, where Zy ~ N(0,26). Then, if ¢ is integrable,
the dominated convergence theorem shows that f(z) = limg_ fo(x). Furthermore, by integrability of
¢, [fo(z)] < 5= [ |o(t)|dt. Thus, by the dominated convergence theorem, for —co < a < b < oo,
f; f(z)dx = limy_,q f fo(x)dz. Therefore, by Slutsky’s Theorem, if a and b are continuity points of the
c.df. of X, Pla< X <b)= fa f(z)dz. 0O

Theorem 5.33. Let X be an integer-valued random variable with characteristic function ¢. Then for any
r€Z,P(X =x)= 5 [T e "(t)dt

2 J—m

Proof. If p is the law of X, then by Fubini’s Theorem,

1 T —itx 1 " * —itx zty t(y—x)
Py e " dt = Py du(y dtdp(y)

=3 P(X =y) (;ﬂ /W e”(y_w)dt> — P(X =2).

= T
O

Theorem 5.34 (Levy’s Continuity Theorem). A sequence of random variables {X, }n>1 converges in dis-
tribution to a random variable X if and only if the sequence of characteristic functions {¢x, }n>1 converges
to the characteristic function ¢x pointwise.
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Proof. One direction follows immediately from our work earlier in this section. For the other, suppose
ox, (t) = ox(t ) for every t. Take any & > 0. Then, there exists a such that |¢x(s) — 1] < £/2 whenever
|s| < a. Thus, 2 [* (1 — ¢x(s))ds < e. Thus, by the dominated convergence theorem, lim, o + [* (1 —
ox,(s))ds = llsza (1 — ¢x(s))ds < e. Let t = 2/a. Then, limsup,,_,. P(|X,] > t) < e, so that
P(|X,| > t) < 2 for all large enough n. Then, increasing ¢ to T as necessary, we may assume that
there exists T such that P(|X,,| > T) < 2e, so that {X,,} is tight.

Then, suppose that X,, /> X; then there exists a bounded continuous function f with E[f(X,)] 4 E[f(X)].
But then, passing to a subsequence if necessary, we find that there exists ¢ > 0 such that |[E[f(X,)] —
E[f(X)]| > € for all n. Then, by tightness, there is a subsequence {X,, } that converges in distribution to a
limit Y. But then Ef(X,,,) — Ef(Y) whence |[Ef(Y) —Ef(X)| > €. But by the first direction and the fact
that ¢x, — ¢x pointwise, ¢y = ¢x. But then ¥ and X have the same law, yielding a contradiction with
the above work. O

5.5 The Central Limit Theorem

In this section, we will be proving various forms of the Central Limit Theorem. We begin with the classical
Central Limit Theorem, which is for i.i.d. random sums.

Theorem 5.35. Let X1, Xo,... be i.i.d. random variables with mean p and variance 2. Then, the random

variable N
2imy Xi — i
Vno
converges weakly to the standard Gaussian distribution as n — oco.
Proof. First, we need the following two lemmas:
Lemma 5.36. For any x € R,

2
T
iy +
e 1T 72

213
< min{x2,|}.
6

o+

Proof, Now, by Taylor expansion, |e*® — Zf 0 (i;’,:!)'j DT Thus, (e —1 — iz + I—; < ‘%. Yet also
T-l—iz+ % ”—1—13:|+— <1——|—— 22. The result follows. O
Lemma 5.37. Let ay,...,a, and by,...,b, be complex numbers such that |a;| < 1 and |b;| < 1. Then,
Ty a0 =TTy bsf < 300 lai — bil.
Proof.
_Hbi = “@i—1bi by —ay - aibiyy Z @b by —ay - aibigy by
i=1 =

—Z|a1 “ai—1(b; — a;)biy1-- b|<Z|b—al|

O

First, notice that by replacing X; by (X; — u)/o, we may assume that g = 0 and o = 1. Then, let S, =
vy i, X;. Then, take any ¢ € R; it suffices, by Levy’s continuity theorem, to show that ¢g, (t) — e=t’/2
as n — oo. Yet because the X; are i.id., ¢g,(t) = [[\-; ¢x,(t/vn) = (éx,(t/v/n))"™. Thus, by Lemma
8.10.4, when n is large enough that 2 < 2n,

o0~ (1- )

t2

ox v - (1- 1)),

<n
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Now, it suffices to show that the right-hand side tends to zero as n — oco. Yet

t2 ; = itX, t2X? , 113 X1 3
n|ox, (t/vn) — (1— 211)‘ =n|E <etx1/f_1_ NG + 2n1> gEmm{t?Xf,W -0
by the finiteness of E and the dominated convergence theorem. O

Following is a result which can be applied in combination with the Central Limit Theorem to yield useful
results:

Theorem 5.38. Suppose that X1, Xa,... is a sequence of random variables (not necessarily independent),
and u € R and o > 0 are constants such that \/n(X, — u) converges in distribution to N(0,0%). Let
f iR = R be a differentiable function such that f’ is continuous at p. Then, /n(f(X,) — f(r)) converges
in distribution to N (0, f'(u)%0?).

Proof. First, let Y, = X”&_“, so that /nY,, converges in distribution to N(0,1) by Slutsky’s Theorem.
Secondly, let g(z) = M, so that

\/ﬁg(Yn)=\/ﬁ-f(UY”+“)_f(”) IR A Rt D)

g g

converges in distribution to N(0, f/(0)?) if and only if \/n(f(X,) — f(n)) converges in distribution to
N(0, f'(p)?0?) by Slutsky’s Theorem. Thus, we may assume that p = f(u) =0 and o = 1.

Now, since f is differentiable and such that f(0) = 0, by Taylor’s Theorem, there exists h(x) such that
lim, 0 h(z) = 0 and f(x) = f/(0)x + h(x)x?. Then, f(X,) = f(0)X, + h(X,)X2, so that /nf(X,) =
70)(v/nX,) + (V/nX,)h(X,)X,. Now, by assumption, 1/nX, converges in distribution to N(0,1). Yet
since ﬁ converges in probability to 0, by Slutsky’s theorem this implies that X,, converges in distribution

to 0. Yet then, X,, converges in probability to 0.

Then, since lim,_,o h(z) = 0, h(X,,) converges in probability to 0. Then, since h(X,) 50 and X,, B 0,
clearly h(X,,)X, & 0. But then, by Slutsky’s Theorem, (v/n.X,)h(Xn)X, -5 0, whence (viX,)h(X,) X, 5
0. Furthermore, f’(0)\/nX, converges in distribution to f’(0)N(0,1) = N(0, f/(0)?) by Slutsky’s Theorem,
so by a final application of Slutsky’s Theorem, v/nf(X,) = f'(0)(v/nX,) + (vVnXn)h(X,)X,, converges in
distribution to N(0, f/(0)?), which is the desired result. O

Following is an example calculation using this result:

Example 5.39. A p-coin is a coin that has probability p of turning up heads. Let .S,, be the number of
heads in n tosses of a p-coin. Then /S, — \/np converges in distribution as n — oo to N (0, %).

Proof. Let X1, X5,... be ii.d. random variables taking the value 0 with probability 1 — p and the value 1
with probability p, so that S, = > ;" | X;. Then X; has mean p and variance p(1 — p). Thus, by CLT for

Sn

i.i.d. sums, —22="P_ converges in distribution to N(0,1). But then \/n ( n P ) converges in distribution

v/ np(1—p) vr(1-p)
to N(0,1), so that \/n (% -p) A N(0,p(1 —p)).

Now, p is the mean of % Thus, defining f(x) = v/z, and noticing that f is differentiable with continuous
derivative if p = (0,1), we can apply the previous problem to see that \/ﬁ< % — \/;5) converges in
distribution to N(0,p(1 — p)f'(p)?). Now, f'(p) = ﬁ, so f'(p)? = ﬁ. Thus,

m( %—ﬁ)=@—mizv(o7lf’).
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We also mention two other forms of the Central Limit Theorem.

Theorem 5.40 (Lindeberg-Feller CLT). Let {k, }n>1 be a sequence of positive integers increasing to infinity.

For each n, let {X, ;}1<i<k, @S a collection of independent random variables. Let i, ,; = E[X, ], Ufm =
Var(X,,;), and

Suppose that for any & > 0, limy, o0 S%E[(an — pni)? | | Xni — pini| > €sn] = 0. Then, the random variable

Sn

converges in distribution to the standard Gaussian law as n — oco.
Proof. Similar to the above proof with only a few details changed. O

Theorem 5.41 (Lyapunov CLT). Let {X,}22, be a sequence of independent random variables. Let ;
E[X;], 02 = Var(X;), and s2 =Y., 2. If, for some § >0,

K3

Pty

lim > E[X; — >t =0
i=1

then the random variable %ﬁfi#) converges weakly to the standard Gaussian distribution as n — oo.

Proof. This follows from letting k,, = n and X, ; = X;. Then, the Lyapunov condition will yield the desired
result. O
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