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1 Basics

Commutative algebra is the study of (commutative) rings and their properties. In particular, a (com-
mutative) ring is defined with identity. The applications of commutative algebra lie chiefly in algebraic
geometry and homological algebra, as well as much of algebraic number theory. We will assume basic
knowledge of ring theory, field theory, and Galois theory. Also, we expect knowledge of basic defini-
tions in topology (axioms of topological spaces in terms of open and closed sets and Hausdorff spaces).
These notes are created via a close reading of Miles Reid’s Undergraduate Commutative Algebra.

We will adopt the following conventions:

1. All rings are commutative with identity.
The letter k£ will denote a field, even when not explicitly stated.
The letter A will denote a ring, even when not explicitly stated.

The font a (known as fraktur font) denotes ideals without exception.

or ok Lo

To denote proper containment of A in B, we write A C B. To denote not-necessarily-proper
containment of A in B, we will write A C B. In no cases we will use the ambiguous symbol C.

6. We use the symbol O to denote the conclusion of a proof (whether a proof is given, it is skipped
because it is too easy, or it is skipped because it is too hard).

1.1 Rings

We assume a knowledge of rings, ideals, units, and basic results about them. In particular, you
should know the definition of integral domains, UFDs, PIDs, Euclidean domains, and fields (and the
proofs/definitions that imply each class of rings is contained in the next). Nonetheless, we’ll recount
the basic Isomorphism Theorems (since they’re easy to forget):

Theorem 1 (Isomorphism Theorems for Rings).
1. If p : A — B is a ring homomorphism, then ker ¢ <1 A, im ¢ is a subring of B, and imy ~
A/ ker . In particular, if ¢ is surjective, then B ~ A/ ker ¢.

2. Let B C A be rings and I < R. Then the sum B+1={b+a|b€ B,a € I} is a subring of A
and the intersection BN I is an ideal of B. Furthermore, (B+1)/I ~ B/(BNI).

3. If I is an ideal of A, then there is an inclusion-preserving bijection A <> A/I between the ideals
of A that contain I and the ideals of A/I. Similarly, there is an inclusion-preserving bijection
A+ A/I between the subrings of A that contain I and the subrings of A/I.

4. If I C J are ideals of A, then (R/I)/(J/I)~R/J.

Problem 2. Prove that the inclusion-preserving bijection A <> A/I restricts to a one-to-one corre-
spondence of prime ideals and a one-to-one correspondence of maximal ideals.

Definition 3 (Prime Ideal). An ideal p <t A is called prime if ab € p implies that either a € p or
b € p. Contrapositively, this means that p is prime if a,b & p = ab & p.

Definition 4 (Maximal Ideal). A proper ideal m <0 A is called mazimal if it is maximal with respect
to inclusion among all proper ideals of A. Precisely, if m C a C A, then m =a or a = A.

Proposition 5. A ring A is an integral domain if and only if the zero ideal (0) is prime, and a field
if and only if the zero ideal (0) is mazimal.

Corollary 5.1. An ideal a < A is prime if and only if A/a is an integral domain, and mazimal if
and only if A/m is a field.



Corollary 5.2. Maximal ideals are prime.

Proposition 6. Given a homomorphism of rings ¢ : A — B and a prime ideal b < B, the preimage
of b, p~1(b), is prime.

In particular, the preimage of a maximal ideal is prime, but not always maximal. For an example of
a maximal ideal whose preimage is not maximal, consider the natural embedding Z — Q. The ideal
(0) is maximal in Q, but since the ring homomorphism is injective, its preimage is (0) in Z which is
clearly not maximal.

Proposition 7. If I and J are comazimal (i.e. I+ J=R), then IJ=1NJ.

Proof. UI4+J=R,then INJ=(INJHR=INnJ)I+J)=INNHNI+{INJ)JCIJ+JI=1J.
Yet clearly IJ C I N J, whence the result follows. O

Definition 8 (Residue Field). The residue field of a prime ideal p < A is the fraction field of the
integral domain A/p. This is denoted x(p). In particular, if p is maximal, then x(p) = A/p.

Proposition 9. The prime ideals of A are precisely the kernels of homomorphisms from A to fields.

Proof. The kernel of the map A — k(p) is p, so any prime ideal is the kernel of a homomorphism from
A to a field. Conversely, if ker ¢ is the kernel of a map ¢ : A — k (with k a field), then

a,b & ker ¢ = ¢(a), ¢(b) # 0 = ¢(a)@(b) # 0 = ¢(ab) # 0 = ab & ker ¢
precisely as desired. O

Definition 10 (Multiplicative Set). A multiplicative set S is a subring of a ring A such that (i) 1 € S
and (ii) a,b € S = ab € S. In particular, an ideal p < A is prime iff A\ p is a multiplicative set.

Definition 11 (Prime and Maximal Spectra). Given a ring A, the prime spectrum of A is the set
Spec A = {p | p <pr A}. Similarly, the mazimal spectrum of A is the set m-Spec A = {m | m <ax A}

Lemma 12 (Existence of Maximal Ideals). If A is a ring and I is a proper ideal in A, then there
exists m <pmax A containing I. In particular, there exists a mazximal ideal containing any nonunit
a € A (since in this case, (a) is a proper ideal).

Proof. This is an elementary consequence of Zorn’s Lemma: consider the set of proper ideals containing
I, ordered by inclusion. It is nonempty (it contains I), and any chain has an upper bound (the union
of all the ideals in the chain, which is itself a proper ideal). Thus, Zorn’s Lemma implies there exists
a maximal element. This maximal element, of course, is a maximal ideal containing I. O

Lemma 13 (Existence of Prime Ideals). If A is a ring, S is a multiplicative set in A, and I is an
ideal disjoint from S, there exists a prime ideal p <y A containing I yet disjoint from S.

Proof. Let 7 :={J <9 A|ICJ JNS =@} This set is nonempty, as it contains I. Furthermore,
any chain of ideals {Jx} has the upper bound (J,c, Jx. Thus, by Zorn’s Lemma, we have a maximal
element which we call p. It suffices to prove that p is prime.

Suppose that f,g € A\ p. Define J; :=p+ (f) and J := p+ (g). Since these properly contain p, it
must be that J; NS, Jo NS are nonempty. In particular, there exists ¢,d € p and a,b € A such that
ct+afeJinNSand d+bg € JoNS. But then

(c+af)(d+bg) =cd+afd+bgc+abfge S

as S is a multiplicative set. Since c,d € p, the first three terms are in p. To retain the condition
pNS =@, it must be that abfg € p whence fg & p. O



1.2 The Nilradical and Radical Ideals

Definition 14 (Nilpotent and Nilradical). An element = € A is called nilpotent if there exists a
positive integer n with £ = 0. The set of all nilpotent elements in a ring A is called the nilradical of
A and denoted 91(A). If M(A) = 0, then A is called reduced.

Proposition 15 (Nilpotents vs. Units). If x is nilpotent in A, then 1 — x is a unit in A.
Proof. Suppose that n is such that 2™ =0. Then (1 —z)(1+z+2?+ - +2" ) =1+2"=1. O

Proposition 16. The nilradical M(A) of a ring is an ideal.

Proof. Since clearly 0 € 91(A), it suffices to prove that ax + by € J(A) for any z,y € N(A) and
a,b € A. To see why this holds, let m be such that 2™ = 0 and n be such that y™ = 0. Then, using
the binomial theorem, (az + by)™ 1™ = 0, as desired. O

Definition 17 (Radical of an Ideal). Suppose that I is an ideal in A. Then the radical of I is the set
VI={x € A|3n,a" € I}. If I =+/I, then [ is called radical.

Proposition 18. If n; : A — A/I is the natural projection map, then VI = n; (M(A/I)). In
particular, this demonstrates that the radical of an ideal is always an ideal.

Lemma 19. For any ring A,
NA) = () »
pESpec A
Proof. Pick some prime ideal p. If f € 91(A), then f™ = 0 so f™ € p. But since p is prime, then
f €p. Conversely, if f € N, then let S = {1, f, f2,...} (a multiplicative set). Note SN (0) = @, so by
Lemma there exists a prime ideal p with SNp = @. Thus in particular, it is not in mpGSpecA p. O

Corollary 19.1. By applying Proposition and Lemma to the ring A/I, we achieve

VI = U p.
pESpec A
ICy
Corollary 19.2. Any ideal which is the intersection of prime ideals is radical. In particular, any
prime ideal is radical.

Definition 20 (Radical Ideal). An ideal is called radical if I = +/I. Obviously, the radical of an ideal
is a radical ideal (whence the nilradical, being 1/0, is a radical ideal).

Definition 21 (Idempotent). An idempotent is an element e € A with 2 = e.

Proposition 22. A has an idempotent e # 0,1 if and only if it is a nontrivial direct sum of rings
A=A & Ay with Ay = Ae and Az = A(1 —e).

Proof. If e is idempotent, then (1—¢)? = 1—2e+e? = 1—2e+e = 1—e, s0 ¢/ = 1—e is also idempotent.
In this case, e + ¢/ = 1 and e/ = 0 (we call e and €' complementary orthogonal idempotents). By
writing a = ae + ae’, we see that A is indeed the direct sum of A; and A, in the manner described.
The reverse direction is similarly simple. O

Definition 23 (Zero Divisors). In a ring A, a is a zero divisor if @ # 0 and there exists b # 0 with
ab = 0. In particular, a ring A is an integral domain if there exist no zero divisors.

Proposition 24 (Minimal Prime Ideals). Let A be a reduced ring with zero divisors. Then A has
more than one minimal prime ideal.

Proof. By Lemma 0 = N p (where the intersection is over prime ideals in Spec A). Yet, if p C q,
we can simply omit g, so 0 = (|p, where the intersection is over minimal prime ideals in Spec A. If
there is only one such ideal, then 0 is a minimal prime ideal; a contradiction since this implies that A
is an integral domain and thus has no zero divisors. O



1.3 Local Rings

Definition 25 (Local Ring). A ring A with only one maximal ideal m is called a local ring. In this
case, we often write the ring as (A, m) or even (A, m, k), where k is the residue field A/m.

Proposition 26. A is a local ring if and only if all the nonunits of A form an ideal.

Proof. As discussed in Lemma [[2] any nonunit is contained in a maximal ideal. Thus, if there is just
one maximal ideal, then it is the ideal of all nonunits (it cannot contain any units since an ideal which
contains a unit is the whole ring). Conversely, if the nonunits of A form an ideal, clearly they are
maximal among proper ideals; they contain every other proper ideal! O

Definition 27 (Jacobson Radical). The Jacobson radical of a ring A is the intersection of all maximal
ideals of A and is denoted by J(A). It is not difficult to prove that it is a radical ideal.

Proposition 28. An element x € A is in J(A) if and only if 1 — yx is a unit for each y € A.

Proof. Suppose there exists y in A and x € J(A) with 1 — yz not a unit. Then 1 — yx is in some
maximal ideal M 4 A. But z € J(A) =2 e M =>yr € M = 1 —yx+yxr =1 € M, a contradiction
with the assumption that M is a maximal ideal and in particular proper.

Conversely, suppose € J(A). Then there exists a maximal ideal M < R so that ¢ M. By the
definition of M, A = (M, {z}), which implies that 1 = m + yz for m € M, so 1 — yz € M. Thus
1 — yx is not a unit as M is a maximal ideal and in particular proper. O

Problem 29. Prove that k[z] (the ring of formal power series in = with coefficients in k) is a local
ring with maximal ideal (). This ring, and rings similar to it, appear often in analysis (especially
when discussing functions analytic in a neighborhood of 0), or when discussing the p-adic integers.

1.4 Modules

Definition 30 (Module). For any ring A, an A-module is an Abelian group M with a multiplication
map A x M — M (the image of (a,m) is denoted by am, as one expects) satisfying the following
axioms:

1. a(m+n) =am+ an and (a + b)m = am + bm.

2. (ab)ym = a(bm).

3. 1am =m.
The third condition is not always imposed: in some circles, only the first two axioms are required,

and modules which additionally satisfy the third condition are called unital. Here, we require all our
modules to be unital (just as we require all our rings to be unital).

Definition 31 (Submodule). A submodule of an A-module M is an A-module N with N C M.

Problem 32. Prove that the submodules of A (considered as an A-modules in the obvious way) are
precisely the ideals of A.

Definition 33 (Module Homomorphism). An map between A-modules ¢ : M — N is called A-linear
or an A-module homomorphism if p(az +by) = ap(x) + be(y) for any a,b € A and x,y € M. Notice,
among other things, that such a map is an abelian group homomorphism M — N.

Theorem 34 (Isomorphism Theorems for Modules). Let A be a ring and M and N be A-modules.

1. If p : M — N is an A-module homomorphism, then ker ¢ is a submodule of M, imy is a
submodule of N, and im ¢ ~ M/ker p. In particular, if p is surjective, then N ~ M/ ker ¢.



2. If N\,No C M, then (N1 +N2)/N2 = Nl/(Nl ﬁNg).

3. If N is an submodule of M, then there is an inclusion-preserving bijection M +» M /N between
the submodules of M that contain N and the submodules of M/N.

4. If Ny C Ny are submodules of M, then (M/Ny)/(Na/Ny) ~ M/N,.
You might notice that these isomorphism theorems are quite simpler; much simpler than the ones for

rings. This is because, in a categorical sense, modules are much “nicer” objects than rings (which
have two subobjects: ideals and subrings).

Definition 35 (Generated Submodules). If M is an A-module and (my)xea is a set of elements in
M, then the submodule generated by (my)xea is the submodule

ZAm,\:{Zf)\m)\GM|f,\€A}

AEA AEA

In the case that the family of elements is countable, i.e. it can be expressed in the form {mq, mao,...}
(and even sometimes, by abuse of notation, when it cannot), we denote this submodule by (mq,ma,...).

Definition 36 (Direct Sum). The direct sum of a family (My)aea of A-modules is defined as expected:

@ My = {(mx)aea | only finitely many ay # 0}
AEA

Of special interest is the case Al = P, , A (adding A to itself [A| times). This is because, given
any set of elements (my)xeca, there is a A-module homomorphism

n: AN = M given by (fa)aea = > fama.
AeA

Definition 37 (Definitions Based on 7). Let n be the map, as described above, associated with the
set G of elements (my)xrea in an A-module M.

1. If n is surjective, then we say G is a family of generators of M.

2. If there exists a finite set of elements that generate M, we say that M is a finite A-module.
3. If n is an isomorphism, then we say G is a basis for M.
4

. If an A-module M has a basis, then we call it a free module.

Theorem 38. If m and n are finite, then A™ ~ A™ (as A-modules) implies that m = n for any ring

A.

Proof. If A™ ~ A™ then A/m® A™ ~ A/m ® A", which implies that (A/m)™ ~ (A/m)". But these
can be viewed as A/m-modules, and since A/m is a field, they are vector spaces of dimension m and
n respectively. We have thus reduced the theorem to the well-known case of finite-dimensional vector
spaces, which tells us that m = n. O

1.5 The Determinant Trick and Nakayama’s Lemma

Theorem 39 (Cayley-Hamilton Theorem). Let A be a commutative ring, N = (a;;) an n x n matriz
with entries in A, and write p(x) = det(zI — N). Then p(x) is a monic polynomial in Alz] of degree
n such that p(N) = 0.

Proof. Laborious and thus omitted. O

The following result is proven in exactly the same way:



Theorem 40 (Determinant Trick). Let M be a finite A-module generated by n elements. Further let
©: M — M be an A-module homomorphism and suppose that I is an ideal of A such that o(M) C IM.
Then ¢ satisfies

Ot Fa " a1t a,=0=0

for some a; € I' for eachi € {1,...,n}.
Proof. Let M = (ma,...,my) with ¢(m;) € IM. Then ¢(m;) = >, a;ym; with a;; € I. We also
have the equation »_(d;;¢ — ai;)(m;) = 0 for each 4, where 0;j¢ — a;; € End M. Then let A be the

matrix with the (4, j) element 0;;¢ — a;; € End M. Recall that adj A - A = det A - I,, (where I,, is the
n x n identity matrix). Now consider the fact that:

mq mi
A" =0=adia-A- || =0
my, Lz

But then this implies that (det A) (as an endomorphism over M) is 0 over all the m;, which means
that it is identically 0 over all of M as the m; generate M). And now we’re done, since taking the
determinant of A gives us the desired polynomial in ¢ which is 0. In particular, using the Leibniz
permutation formula for determinants, each a; is the sum of elements which are the product of 4
elements in I; thus a; € I*, as desired. O

Corollary 40.1. If M is a finite module and M = IM, then there exists x € A such that 1 + 1 =
x+Ie A/l and M = 0.

Proof. This follows from applying the determinant trick to the identity map idy;. Since (id,,)? = id s,
we see that (1+b)idy, = 0 for some b=ay + -+ a, € I, as desired. O

Corollary 40.2 (Nakayama’s Lemma). Let (A, m) be a local ring and M a finite A-module. Then
M = mM implies that M = 0.

Proof. By the previous corollary, there exists z € A congruent to 1 mod m (in particular, x & m
whence z is a unit) such that M = 0. But then M =271 (zM) =271 -0 =0, as desired. O

Corollary 40.3. Suppose (A,m) is a local ring, M is an A-module, and N C M is a submodule of
M. Further suppose that M/N is finite over A and M = N +mM. Then N + M.

In particular, if M is finite over A, and $1,...,5, € M are elements whose images span the A/m-
vector space M /mM, then si,..., s, generate M.

Proof. The given condition gives that m(M/N) = M/N (quotient both sides by N), whence by
Nakayama’s Lemma, M/N =0 and M = N. O

1.6 Exact Sequences

Definition 41 (Exact Sequence). Suppose L, M, N are A-modules and L % M % Nisa sequence
of A-module homomorphisms. Then this sequence is called exact at M if ima = ker 5. A longer

sequence - -+ — M, ﬁ M> (E M3 — - -+ is called exact if it is exact at every “interior” term.
Proposition 42 (Special Exact Sequences).
1. 0= L 3 M is exact if and only if o is injective.

2. M A N =0 is exact if and only if B is surjective.
8. In particular, 0 — L = M — 0 is ezact if and only if ¢ is an isomorphism.



4. OﬁLgMgN—)OZ'S exact if and only if L — M and N = M/L.

Definition 43 (Short Exact Sequence). An exact sequence of the form 0 — L % M 5N =0 s
called a short exact sequence.

Proposition 44 (Split Exact Sequences). Let

0sL3MEA NS0

be a short exact sequence of A-modules. Then the following are equivalent:
1. There exists an isomorphism M ~ L & N under which « is given by m — (m,0) and S by
(m,n) — n.
2. There exists an A-module homomorphism s : N — M with o s =1idy.

3. There exists an A-module homomorphism r: M — L such that r o o = idp,.

Clearly 1 implies 2 and 8. Thus, assume 2. Then s must be injective (it has a left inverse). We
argue that M = a(L) @ s(N) (which would prove 1 since a(L) ~ L and s(N) ~ N by virtue of the
injectivity of a and s). To see this, notice that m € M can be expressed as

m = (m — s(B(m))) + s(B(m))

The first term is clearly in ker 8 = a(L) yet the second is obviously in s(N). Furthermore, a(L) N
s(N) =0, since if n € N is such that s(n) € a(L) = ker 8 then n = B(s(n)) = 0. Thus 1 holds. The

implication 3 = 1 is similar.

Definition 45 (Split Exact Sequences). If any of the conditions in Proposition [44] hold, the short
exact sequence is called a split exact sequence.

2 Noetherian Rings

Definition 46 (Ascending Chain Condition). A partially ordered set . is said to satisfy the ascending
chain condition (ACC for short) if every chain s; < so < s3 < .- eventually stabilizes (that is, if
Sk = Sg41 = -+ - for some k). Obviously, a poset has the ascending chain condition if and only if every
nonempty set has a maximal element.

Proposition 47 (Rings Satisfying ACC). Let A be a ring. Then the following are equivalent:
1. The set .7 of ideals of A satisfy the ascending chain condition.

2. FEvery nonempty set S C .7 of ideals has a mazimal element.

3. Fwvery ideal of A is finitely generated.

Definition 48 (Noetherian Rings). If A is a ring such that the equivalent conditions in Proposition
hold, then we call A a Noetherian ring.

2.1 Noetherian Modules
Proposition 49 (Modules Satisfying ACC). Let A be a ring and M an A-module. Then the following

are equivalent:
1. The set . of submodules of M satisfy the ascending chain condition.
2. Every nonempty set S C .7 of submodules has a mazimal element.
3. Every submodule of M 1is finite.



Definition 50 (Noetherian Modules). If M is an A-module such that the equivalent conditions in
Proposition [49] hold, then we call M a Noetherian A-module. Notice that since the submodules of a
ring A considered as a A-module are precisely its ideals, a ring A is a Noetherian ring if and only if
it is an Noetherian A-module.

Proposition 51 (A S.E.S. of Noetherian Modules). Suppose that

0 LAMAENSO

is a short exact sequence of A-modules. Then M is Noetherian if and only if L and N are Noetherian.

Proof. Obviously, if M is Noetherian, then L is Noetherian (an infinitely ascending chain of submod-
ules in L is also an infinitely ascending chain of submodules in M). Similarly, if M is Noetherian,
then N is Noetherian, since by the Third Isomorphism Theorem for Modules (see Theorem 7 an
infinitely ascending chain of submodules of N ~ M /L corresponds to an infinitely ascending chain of
submodules of M containing L.

Assume L and N are Noetherian. Take an ascending chain M; C My C ---. First, intersect it with
L (formally, intersect it with ¢(L), but L and ¢(L) can be identified) to get LN M; CLNMs C -+,
an ascending chain of submodules of L. Similarly, apply % to get a chain (M) C p(Ms3) C --- of
submodules of N. For some k, both of these chains must stabilize.

Thus, it suffices to prove that for My, C M1 C M, LN M, = LN M1 and ¢(My) = ¢(Mz) implies
M; = M. To prove this, take m € M1, so ¥(m) € Y(Mgy1) = ¥(My). In particular, there is some
n € My with ¥ (m) = ¢¥(n) = ¢(m —n) = 0. Yet ker is precisely L, som—n € Myy1NL = MNL.
Thus m —n € My, whence m € Mj,. This allows us to conclude that My = My, as desired. O

Corollary 51.1. The quotient ring A/I of a Noetherian ring A by an ideal I <1 A is also Noetherian.

Proof. Notice that
0—-I—-A—A/I—>0

is a short exact sequence of A-modules, and A is Noetherian, so A/I is Noetherian. O
Corollary 51.2 (Conditions on Noetherian Modules).

If My, ..., M, are Noetherian modules, then @._, M; is a Noetherian module.
If A is a Noetherian module, then an A-module M is Noetherian if and only if it is finite.

In particular, any submodule N of a finite module M over a Noetherian ring A is finite.

e v o~

If A is a Noetherian ring, p : A — B is a ring homomorphism, and B is a finite A-module
(where the A-module structure of B is given by ¢), B is a Noetherian ring.

Proof.
1: This follows by noticing that 0 — M; — M; & My — Ms — 0 is a short-exact-sequence, applying
Proposition [51] and then using induction.

2: If M is finite, then we have a short exact sequence 0 —- N — A" — M — 0 for some r and
N C A". Notice that by Part 1 and the assumption that A is Notherian, A" is Noetherian whence,
by Proposition M is Noetherian.

3: This is trivial from Part 2.

4: The ideals of B are A-submodules of B, so if B isn’t a Noetherian ring, then it isn’t a Noetherian
A-module. Yet by Part 2, B is Noetherian as an A-module (whence B must be a Noetherian ring). O



2.2 Hilbert’s Basis Theorem
Theorem 52 (Hilbert Basis Theorem). If A is a Noetherian ring then so is the polynomial ring Alz].

Proof. Let I < A[x] be an ideal which is not finitely generated. Then let f; be an element of minimal
degree in I, fy be an element of minimal degree in I\ (f1), f3 be an element of minimal degree in
I\ (f1, f2), and so on (we can continue this forever by virtue of the non-finitely-generated nature of
I). Let a; be the leading coefficient of f;, so (a1, as2,...) < A is generated by (a1, ...,a,) for some
m. In particular, a,, 1 = Z;nzl bja; for some b; € A.

Notice that

m
g=) bifaterintmtEl e (fi,. . fm)
j=1

is well-defined (deg fi,+1 — deg f; is nonnegative since f; was chosen with deg f; < deg f,+1) and has
the same leading coefficient and degree as fy,4+1. Yet fon41 — g is not in (f1,..., fi); if it was, then
fm+1 would be in (f1,..., fm), a contradiction. But f,,4+1 — ¢ is in I and has strictly smaller degree
than f,,+1, a contradiction with our choice of f,,,+1. This tells us that our initial assumption, that
we could choose an ideal which was not finitely generated, was wrong, so we’re done. O

Corollary 52.1. If A is a Noetherian ring then so is Alxy,...,xy].
Proof. This follows trivially by induction. O
Corollary 52.2. If A is a Noetherian ring, then any finitely generated A-algebra is Noetherian.

Proof. Let B be a finitely-generated A-algebra. By hypothesis, B ~ Alxy,...,x,]/I for some ideal
I < Alzy,...,x,]. The result follows by first applying Corollary and then Corollary O

Corollary 52.3. For any field k, k[x1,...,x,] is a Noetherian ring.

Proof. This is immediate from Corollary and the fact that all fields are Noetherian, since the only
ideals in a field are the zero ideal and the field itself, which are generated by 0 and 1 respectively. [

3 Finite Extensions

Definition 53 (Algebraic and Integral Elements). If k£ C K is a field extension, an element y € K is
algebraic over k if it satisfies an algebraic dependence a,y™ + - - + a1y + ag = 0. If, furthermore, y
satisfies a monic algebraic dependence y™ + - - - + a1y + ag = 0, we say that y is integral over k.

Definition 54 (Algebra). If A is a ring, then an A-algebra B is a ring B with a give ring homomor-
phism ¢ : A — B. In this case, B is an A-module, with multiplication « - b defined as p(a)b.

One naturally generalizes the notions of an algebraic or integral element of B over A: y € B is
algebraic over A if there exists a polynomial f(Y) = a,Y" +a, 1Y" ! +-.- +ag € A'[Y] such that
f(y) = 0 (where A’ = p(A)). Similarly, y € B is integral over A if there exists a monic polynomial
JY)=Y"+a, Y"1+ +ay € A[Y] such that f(y) =0.

Definition 55 (Finite, Algebraic, and Integral Algebras). Let B be an A-algebra. Then B is a finite
A-algebra if it is finite as an A-module. An algebra B is algebraic over A if every b € B is algebraic
over A, and it is integral over A if every b € B is integral over A.

Proposition 56 (Facts About Algebras Pt. 1). Let B be an A-algebra and y € B. Then the following
are equivalent:

1. y is integral over A.
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2. If A = ¢(A), then the algebra A'ly] is finite over A.
3. There exists an A-subalgebra C C B such that A'[y] C C and C is finite over A.

Proof. 1 implies 2 because, if y satisfies integral relation, then A’[y] is generated by 1,y,...,y" !

(where n is the degree of the polynomial). It’s trivial to notice that 2 implies 3. Finally, 3 implies 3
because we can use the A-module homomorphism g, : C' — C defined by multiplication by y (since
C'is a finite A-module), so we get a relation

fy + an 1yt ag =0

Then, by plugging in 1 to p,, we get an integral relation, as desired. O
Proposition 57 (Facts About Algebras Pt. 2). Let B be an A-algebra

1. If A C B C C are extension rings such that C is a finite B-algebra and B a finite A-algebra,
then C is finite over A.

2. If y1,...,ym € B are integral over Aj then Alyi,...,ym] is finite over A, so in particular, every
f €Ay, ... ,ym] is integral over A.

3. If AC B C C with C integral over B and B integral over A, then C is integral over A.
4. The subset A= {y € B | y is an integral over A} is a subring of B; moreover, if y € B is
integral over A then Yy € E, so A= A.

Proof. 1 is trivial (it is proven the same way as for field extensions). 2 follows by induction using
Proposition and (a). To prove 3, one can constructs a monic polynomial 2" +b,, 12" +---+by = 0
for z € C. Yet since each b; is integral over A; A C Albg,...,bn—1] C Albg,...,bn_1,2] is a sequence
of finite extensions (hence finite), so z belongs to a finite A-algebra and is integral by Proposition
The first part of 4 follows from noticing that if o, 8 € fl then o &+ 8 and af are elements of Ala, f],
which by 2 is finite (and thus integral) over A. The second part of 4 is obvious by 3. O

3.1 Integral Closures

Definition 58 (Integral Closure). The ring A is called the integral closure of A in B. If A = ;L then
A is integrally closed in B. An integral domain A is integrally closed if it’s integrally closed in Frac A.
The integral closure of an integral domain A in Frac A is called the integral closure of A.

Here, we see links to algebraic number theory and algebraic geometry. Firstly, a number field is a
finite field extension Q C K. Then the ring of integers Ok of K is the integral closure of Z in K.
This is a hugely important concept in algebraic number theory. Suppose k is an algebraically closed
field, f € k[X,Y] an irreducible polynomial, and C C k? is the plane curve defined by f(X,Y) = 0.
Then A = k[X,Y]/(f) = k[C] is the ring of polynomial functions on C.

We say that C'is singular at P if (0f /0z)(P) = 0 and (0f/90y)(P) = 0 (and, of course, C is nonsingular
if it is not singular at any point). This is a very important fact, and it is critical towards algebraic
geometry. Interestingly, A is integrally closed if and only if C' is nonsingular! In fact, an integral
closure of A corresponds precisely to a resolution of singularities!

3.2 Noether Normalization

Definition 59 (Algebraic Independence). Suppose that k is a field and A is a k-algebra. Then el-
ements y1,...,y, € A are algebraically independent over k if the natural surjection k[Y7,...,Y,] —
kly1,...,yn] is an isomorphism. In particular, there are no nonzero polynomial relations F(y1, ..., yn) =
0 with coefficients in k.
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Our proof of Noether Normalization, which is used to prove the Nullstellensatz, is adapted from herel

First, we begin with a technical lemma which outlines a useful automorphism of polynomial rings:

Lemma 60. Suppose that k is a field and f € k[z1,...,x,] is a nonzero polynomial in n variables
over f. Let N be an integer greater than deg(f). Now define ¢ : kl[x1,...,x,] = k[x1,...,x,] to be
the k-algebra automorphism given as follows:

n—1

N N2 N
T = T+ x, To — To + T, Tp_1 > Tp—1+x, Ty > Ty

Then ¢(f) is equal to a nonzero scalar of k times a polynomial g which is monic in x,, when considered
as a polynomial in one variable over k[x1,...,xn—1]. That is, the term of ¢(f) in which x,, appears
to the highest power has the form cx)! for some c € k*.

Proof. First simplify f by combining like terms. Then, consider any nonzero monomial cz{*x5? - - - z%»

in f (note that ¢ € k*). Then the image of this monomial under ¢ is
2 n—1
Plexttay? --ain) = (w1 +ay) " (w2 +ay )5 (Tay + 2y )T

When expanded, the term of this polynomial in which z,, appears to the highest power is plainly equal

N N2 N"""Nan_1 . .an an+aiN+as N3+ 4a, N
n)al(xn )a2 (xn )a/ 11‘%' :C$nn " :Cl'nm.

to c(x
Now, N > deg(f) implies N > aq,...,a,. Now take any two distinct monomials fi, f2 of f (recall that
we have combined like terms, so the powers of z1,...,z, cannot be the same in both monomials).
Since any integer has a unique base N representation, the terms of ¢(f1) and ¢(f2) in which x,
appears to the highest power must have different degree. In other words, there is a unique nonzero
monomial of f whose image has the term with the strictly greatest power of x,, and said term has
the form cx]* for some ¢ € k*. O

Lemma 61 (Noether Normalization Lemma). Let k be a field and A a finitely-generated k-algebra.
Then, there are elements z1,...,zm € A such that z1,...,zy, are algebraically independent over k,
and A is finite (in particular integral) over k[z1, ..., zm].

Proof. We will use induction on the number n of generators of A over k. Now, in the base case n = 0,
A = k and the result is trivial. For the inductive step, suppose that n > 0 and that the result holds
whenever the number of generators is less than n. Let yi,...,y, generate A over k. If the y; are
algebraically independent over k, then we may assign z; = y; and we are done.

On the other hand, suppose that the y; are not algebraically independent over k. Then there is
a nonzero polynomial f € k[xi,...,2,] such that f(y1,...,yn) = 0. Now, define yj = y; —

yN Y = Yno1 — y,f;’”’l, and y/, = yn, where N > deg(f); these elements also generate A

over k. Now, recalling how ¢ was defined in Lemma [60] notice that y1, ...y, satisfy the polynomial
o(f) =g. By Lemma by replacing g by ¢ 1g, we may assume that g is monic in z,, with coeffi-
cients in k[xy,...,z,_1]. Therefore y/, is integral over k[z1,...,2,_1], s0 A = k[y],...,y,] is a finite
klyy, ...,y _1]-module. But then, by the inductive hypothesis, there exist algebraically independent
21y 2m € K[Yl, ..., y,_1] such that k[y],...,y,,_1] is a finite k[z1, ..., z;»]-module. But then A is a
finite k[z1, ..., zm|-module, so we are done. O

3.3 Zariski’s Lemma

Proposition 62 (Integral Extension of Integral Domains). Let A C B be an integral extension of
integral domains. Then A is a field if and only if B is a field.

12


http://www.math.lsa.umich.edu/~hochster/615W10/supNoeth.pdf

Proof. Assume that A is a field and take 0 # x € B. Then there is a monic relation 2" + a,_12" ! +
-+« +ag =0 with a; € A. We may assume that ag # 0. Now, A is a field, therefore

7l = —aal(x"_l +ap_12" 2+ +fasx+ a1) € B

so B is a field. Similarly, assume that B is a field and 0 # x € A. Then 27! € B, so 7! is integral
over A. Then there is a relation of the form

T+ an_ 12" P4 +ag=0
whence 27! =27 = —a,_1 — ap_ox —--- — 2" lag € A, so A is indeed a field, as desired. O

Lemma 63 (Zariski’s Lemma). If L/k be a field extension such that L is a finitely-generated k-algebra.
Then L/k is a finite field extension.

Proof. By Noether’s Normalization Lemma, there exists an injective morphism ¢ : k[z1,...,2,] < L.
In particular, L is finite over k[z1, ..., 2], so it is integral over k[z1, ..., z.]. By Proposition since
L and k[z1,..., 2] are both integral domains, L is a field if and only if k[z1,...,2,] is a field. Yet
klz1,..., 2] is a field if and only if » = 0, so L is finite over k and we are done. O

4 The Nullstellensatz and the Prime Spectrum
Definition 64 (Affine n-Space). The affine n-space over a field k is the underlying set of £™: that is,
AY ={(a1,...,a,) | a1,...,a, € k}

Definition 65 (Evaluating Polynomials). Suppose that P = (as,...,a,) € A}. Then e¢p is the k-
algebra homomorphism k[z1, ..., z,] — k given by fixing k and sending x; — a; for each i € {1,...,n}.
Furthermore, if f € k[x1,...,2,], then we denote ep(f) by f(P) and say this is f evaluated at P.

Definition 66 (Algebraic Sets). Let k be a field. Then an algebraic set in A} is a subset of the form
V(J)={PeA} | f(P)=0forall feJ}
where J C k[x1,...,x,] is an arbitrary subset. V(J) is called the zero set of J.

Ostensibly, it looks like to understand algebraic sets in A}’ we must consider the zero set of any
arbitrary set in k[z1,...,2,]. Yet this is not the case: it’s easy to prove that V(J) = V((J)) (where
(J) is the ideal generated by J). Furthermore, by Corollary polynomial rings are Noetherian, so
(J) is finitely generated. Thus, any algebraic set is the zero set of a finite number of polynomials.

Definition 67 (Ideals of Affine Sets). Let k be a field and X C A} an arbitrary set. Then I(X) is
the set of polynomials in k[z1,...,z,] that vanish on all points of X, i.e.,

I(S)={f €klx1,...,zp] | f(P)=0forall Pe X}
This is not only an ideal (easy to check), but a radical ideal, since f™(P) =0= f(P)=0.
Proposition 68 (Properties of The Zero Set and Ideal Operators).
Jl - J2 - k[.’bl, . 7l'n] = V(JQ) - V(Jl)
X1 C Xy CAP = [(X5) C I(X1)
Ile,XQ g Az, then I(Xl @] XQ) - I(Xl) N I(XQ)
If J1, Ja < k[l‘l, . ,xn}, then V(Jng) = V(Jl) U V(JQ)
For any X C A}, X CV(I(X)); indeed, V(I(X)) is the smallest algebraic set containing X.

SR e
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6. In particular, if X is an algebraic set, X = V(I(X)).
7. J CI(V(J)). Furthermore, I(V(J)) is a radical ideal, so /J C I(V(J)).

Proof. 1 follows because all polynomials in J; vanish on any point that all polynomials in the larger
set Jo vanish on. 2 follows because any polynomials that vanish on X5 vanish on the smaller set X;.

For 3, suppose that € V(J1) UV (Jz) and f is any polynomial in J;Jo. Then f = p;p; for some
p; € J1 and p; € Ji. In particular, since either p; € J; vanishes on = or p; € J; vanishes on z, p;p;
vanishes on x so « € V(J1Jz2). This implies that V(J;) UV (J2) C V(J1Jz2). Conversely, suppose that
x € V(J1J2). If there exist p; € J1 and p; € Js such that p; and p; both do not vanish on z, then
pip; € J1J2 does not vanish on x, a contradiction. Thus, either z € V/(I) or « € V/(J), which implies
that z € V(I) UV(J) and allows us to conclude that V(J1J2) C V(J1) UV (J2). This, combined with
our earlier result, gives V(J1Jo) = V(J1) UV (J2).

I(X;1 U X5) is the set of polynomials which vanish on all points in X; and Xo; clearly, this is the
intersection of the set of polynomials which vanish on all points in X; and the set of polynomials
which vanish on all points in X5. Thus I(X; U X5) = I(X;) N I(Xs).

The first part of 5 is the tautology “the set of all polynomials that vanish on X vanishes on X”. The
second part is simple bashing, and it means 6 follows instantly. The first part of 7 is the tautology
“all polynomials in J are in the set of all polynomials that vanish on the set of points that J vanishes
on”, and the second part follows from the fact that v/.J is the smallest radical ideal containing J. [

4.1 The Algebro-Geometric Dictionary

For the rest of this section, assume that k is algebraically closed. In particular, any finite extensions
of k (since such an extension is algebraic) will be equal to k itself. In this context, we can further
develop our link between geometric sets in affine space and algebraic ideals in polynomial rings.

Proposition 69 (The Weak Nullstellensatz). Mazimal ideals of k[x1,. .., x,] correspond precisely to

points of A}. More precisely, every mazimal ideal of A = klx1,...,xy] is of the form

m=(z1 —a1,...,T, — ay) for some ay,...,a, €k
and every ideal of the form (x1 — a1, ...,x, — ay,) for some aq,...,a, € k is mazimal.
Proof. Clearly every ideal of the form a = (21 — a4,...,2, — a,) for some ay,...,a, € k is maxi-
mal, since k[z1,...,2,]/a ~ k, a field (this isomorphism is obvious since taking said quotient is like
“replacing x; with ;7). On the other hand, k[z1,...,2,]/m is a finitely generated k-algebra for any
ideal m < k[xq,...,xy,]. If, furthermore, m is maximal, K = k[z1,...,z,]|/m is a field, so by Zariski’s

Lemma (see 7 K is a finite extension over k. Yet k is algebraically closed, so K = k.

By taking a; to be the image of z; for each i € {1,...,n}, we see that (x; —aq,...,2, —a,) C m. Yet
we already know that (x1 —ay,...,z, —ay,) is maximal, so m = (1 —aq,...,%, —ay,), as desired. [

We can use this result to get a condition for a common zero of a set of polynomials:
Corollary 69.1. If J < klx1,...,xy,], then J is equal to klx1,...,x,] if and only if V(J) = @.

Proof. If J is a proper ideal, it is contained in a maximal ideal m. Then V(m) C V(J), but V(m) is
a single point (by the Weak Nullstellensatz) so V(J) is nonempty. On the other hand, if J is not a
proper ideal (it is the whole ring), then V(J) = @ since the polynomial 1 vanishes nowhere. O

Now that we have a correspondence A} <> m-Spec k[x1, ..., Z,], we can generalize this result to learn
more about maximal ideals in related commutative rings.
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Corollary 69.2. Suppose that A = k[x1,...,x,]/J is a finitely generated k-algebra. Write T; to mean
the image of x; in A. Then, there is a one-to-one correspondence

V(J) ¢ m-Spec(A) given by (a1,...,an) <> (X1 — a1,...,Tn — ay).

Proof. This follows immediately from the fact that the maximal ideals of A correspond precisely
to the maximal ideals of k[z1,...,x,] containing J, and an maximal ideal m can only contain J if

V(m) ={(a1,...,a,)} € V(J) (see Proposition [68). O

Corollary 69.3 (Multi-Dimensional Fundamental Theorem of Algebra). If k is an a algebraically
closed field and f € klz1,...,x,] is nonconstant, then IA1,..., A\, € k such that f(A1,..., n) =0.

Proof. If f is nonconstant, it is not a unit, so it is contained in a maximal ideal m = (z1 —\q,..., T, —
An). In particular, f is a linear combination of polynomials which vanish when Aq, ..., A\, are plugged
in, so it also vanishes when Aq,..., A, are plugged in. O

4.2 Hilbert’s Nullstellensatz

Notice that this correspondence misses “powers”. For example, given (z) # (z2) < klz], V((z)) =
V((z?%)) C Af. In fact, more generally, this correspondence never “catches” powers:

Proposition 70. If J < k[x1,...,x,], then V(J) = V(/J).
Hilbert’s Nullstellensatz says this is the main issue:
Theorem 71 (Hilbert’s Nullstellensatz). For any J < k[x1,...,z,], I(V(J)) =/J.

Proof. As discussed in Proposition VJ C I(V(J)). Thus it suffices to show that I(V(J)) C V/J;
more specifically, we will take some g € I(V(J)) and show that g™ € J for some m € N. To do this,
we will use Rabinowitsch’s trick, which goes as follows.

Let fi1,..., fm generate J. Then fi,..., fm, Zn+19—1 have no common zeros in AZ‘H. This is because,
in V(J), the former polynomials are all 0, but the last polynomial is —1. But all of f1,..., f,, cannot
vanish outside V(J) (by definition), so there are no common zeros outside of V(J) either. Thus, by
Proposition these polynomials generate the entirety of k[z1,...,Zn, Zpt1]. In particular:

L=pifi+ - +Pmfm +Pms1(Tny19 — 1)

for some p1,...,pm+1 € k[z1,...,2Zn41]. Under the homomorphism k[z1,...,zn11] = k(21,...,2,)
given by fixing k[z1,...,,] and sending 2,41 — g~ !, we see that that

L=pi1(@1,. s Tny g )1+ A+ Pm (@1 Tny g ) i

1

whence, by letting j be the largest power to which ¢~* appears in any of the f;, we see that

¢ =qfi+ -t qmfme]
for some q1,...,qm € k[x1,...,x,], as desired. O

Corollary 71.1. There is a 1-to-1 inclusion-reversing correspondence between algebraic sets in A}
and radical ideals in k[x1,...,x,]. This correspondence is given by X — I(X) in one direction and
Z(J) — J in the other.

Corollary 71.2. I(V(I(X))) =I1(X) and V(I(V(J))) =V (J).

Proof. I(V(I(X)) = 4/I(X) but I(X) is a radical ideal so I(V(I(X))) = y/I(X) = I(X). Similarly,
V(I(V(J)) =V(/J)=V(J), as desired. O
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4.3 Algebraic Varieties

Definition 72 (Variety). An algebraic set X C A} is an (algebraic) variety if it is irreducible: that
is, if it is nonempty and not the union of two proper sub-algebraic sets. Explicitly, we require that

X = X7 U X, for algebraic sets X7, Xo = X = X; or X = Xs.
Proposition 73. An algebraic set X is a variety if and only if I(X) is prime.

Proof. Let J = I(X);if J is not prime, then there exist f, g ¢ J such that fg € J. But then J; = (J, f)
and Jy = (J, g) are such that V(J;) € X and V(J3) € X (since f € I(X)), but X = V(J;1) UV (J2),
so X is reducible. The converse is virtually identical. O

Corollary 73.1. There is a 1-to-1 inclusion-reversing correspondence between algebraic varieties in
A} and prime ideals in k[z1,...,x,]. This correspondence Speck[zq,...,x,] <> {varieties in A} is
given by X — I(X) in one direction and Z(J) — J in the other.

Just as we used this result to understand maximal ideals in more general classes of rings, we will use
this result to understand prime ideals in a more general class of rings.

Corollary 73.2. Suppose that A = k[x1,...,x,]/J is a finitely generated k-algebra. Write T; to mean
the image of x; in A. Then, there is a one-to-one correspondence

Spec(A) < subvarieties of X C V(J)

4.4 A Refresher on Irreducible Topological Spaces

Definition 74 (Irreducible Topological Space). A non-empty topological space X is called irreducible
if X cannot be decomposed into two proper closed subsets. Precisely, this means that if X7, Xo C X
are closed in X and X7 N X5, then either X = X; or X = X5,

Proposition 75. An irreducible topological space X is Hausdorff if and only if it is a single point.

Proof. Suppose X is a single point. Then clearly it is irreducible and Hausdorff. Otherwise, suppose X
is an space with at least 2 points (say p and ¢). For the sake of contradiction, assume X is Hausdorff.
By hypothesis, we can take choose p-neighborhood P and g-neighborhood @ such that PN Q = @.
In this case, (X \ P) and (X \ Q) are closed sets (their complements are open). Neither of (X \ P)
and (X \ Q) are equal to X (they don’t contain p and g, respectively). Finally, (X \ P) U(X \ Q) =
X\ (PNQ)=X,so X is not irreducible. O

Proposition 76. Suppose X is an irreducible topological space and @ # U C X is a nonempty open
subset. Then U is irreducible as its own topological space.

Proof. Suppose U is not irreducible in X, so U = V; UV; for closed sets V7, Vo C U. By the definition
of the subspace topology, we may conclude that U = (W; NU) U (Wo NU) for some closed sets
W1, Wy € X. Yet, since U is nonempty and U € Wy, W3 U (X \ U) is a proper closed subset of X.
Similarly, (W2 U (X \ U)) is a proper closed subset of X. Yet (W; U (X \U))U (WU (X\U))=X
is a contradiction with the hypothesis that X is irreducible. Thus U is irreducible in X. O

Proposition 77. Conversely, if X is an irreducible topological space contained in another topological
space Y, then X (the closure of X ) is irreducible in'Y .

Proof. X C'Y is irreducible if and only if any two nonempty open subsets in X intersect. Since the
open subsets in X are the same as the open subsets in X (its closure in Y'), X is still irreducible. [
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4.5 The Zariski Topology on Affine Space
Proposition 78. The algebraic sets X C A} satisfy the axioms for closed sets of a topology.

Proof. @ is the algebraic set V(1) and A} is the algebraic set V(0). On the other hand, as discussed
earlier, V(I) UV(J) = V(INJ) = V(IJ) (so the union of a finite number of algebraic sets is an
algebraic set). Similarly, if X; = V(J;) is any family of algebraic sets, then their intersection (] X; is
the algebraic set V(3 J;). O

Definition 79 (Zariski Topology). As justified by Proposition we can give A} a topology (called
the Zariski topology) by defining the algebraic sets of A}l to be the closed sets.

Proposition 80. A} (with the Zariski topology) is irreducible for any n.

Proof. Any algebraic set Z(f1,..., fn) is contained in Z( f1), which is a hypersurface in A}. Intuitively,
if two such hypersurfaces cover all of A}, then one or the other must be A}. O

Corollary 80.1. A} (with the Zariski topology) is not Hausdorff if n > 0.

Proof. A} is non-Hausdorff is because it is an irreducible space with multiple points. Indeed, it is
extremely non-Hausdorff since any two nonempty open sets intersect. O

The Zariski topology is often cited as an example of a topological space which is extremely interesting
despite the fact that it isn’t Hausdorff, but its usefulness goes far beyond just being an example.

Definition 81 (Irreducible Decomposition). If X is a topological space, then a decomposition of X

of the form
X=|]Jx
AEA

where the X are irreducible and X, Z Xz for any «, 5 € A with o # 5 (this is called the essentiality
condition) is an irreducible decomposition of X with irreducible components {X}rea-

This definition is a general topological one, but it does have special meaning when we are discussing
A} under the Zariski topology. In particular, an irreducible decomposition of X corresponds to a way
of writing I(X) as the intersection of prime ideals I(X}).

Definition 82 (Noetherian Topological Spaces). Let X be a topological space. Then X is Noetherian
if any descending sequence of closed sets X D X7 O X, ... eventually stabilizes.

Proposition 83. A} (with the Zariski toplogy) is Noetherian.

Proof. A descending chain of closed sets corresponds to an ascending chain of ideals in k[zq, ..., 2,].
Since k[x1, ..., 2,] is Noetherian, the ideal chain stabilizes, so the closed set chain stabilizes. O

Lemma 84. If an irreducible set Z is in the union X; U --- U X, of some irreducible closed sets
X1,..., Xy, then Z C X for some j € {1,...,r}.

Proof. In this case, X; N Z is a closed set for each 4. In particular, Z = (X; N Z)U---U (X, N Z), so
since Z is irreducible, Z = X; N Z for some ¢, implying that Z C X, as desired. O

Theorem 85. Assume X is a Noetherian topological space and @ #Y C X is closed. Then'Y =
Y1 U---UY, where the Y; are irreducible closed subsets. If in addition Y; CY; for all i # j, then the

=

Y1,..., Y, are unique up to permutation and are called the irreducible components of Y.
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Proof. Let . be the set of subsets of X that cannot be written as the union of irreducible subsets.
If ¥ = &, we are done, so assume it is nonempty. Since X is Noetherian, .’ has a minimal element
Y € . Yet Y cannot be irreducible (else it is the union of irreducible subsets), so we can write
Y'UY"” =Y. By the minimality of Y, both Y/ and Y are not in ., so they can be written as the
union of irreducible subsets. Yet then Y is the union of these two unions, a contradiction.

Now assume the extra condition and suppose there are two such decompositions Y =Y, U---UY, =
Y{,U---UY],. Then, for any i, Y; € Y/, U---UY],, so by the above Lemma, Y; C Y] for some j. By
identical logic, Yj’ C Yy for some k. Thus Y; C Yj’ C Y%, so by the extra condition Y; = Yj’ =Y. By
repeating this argument, we see that the irreducible sets in the first decomposition are identical, up
to some permutation, to the irreducible sets in the second decomposition. O

Corollary 85.1. For any algebraic set X C A7, X = X; U---UX, (where the X; are algebraic
varieties) in a unique way (up to permutation) if we require X; € X; for all i # j.

Proof. A} is a Noetherian topological space. O

Corollary 85.2. Suppose B is a finitely generated k-algebra and J <1 B. Then /J = py 0 ---Np,
for some prime ideals p; <pr B. Furthermore, this decomposition is unique up to permutation if we

require p; € p; fori # j.
Proof. If B is a finitely generated k-algebra, then B = k[x1,...,2,]/I for some I < k[zy,...,z,].

Let J < k[z1,...,2,] be the preimage in k[zi1,...,2,]) of J < B. Now consider the irreducible
decomposition Z(J) = X = X; U---U X, and let p; = I(X;). Then V.J = I(X) =P, N---N§, (by
the Nullstellensatz). Let p; = p,/I. Then VJ =piN---Np,, as desired. The uniqueness of this
intersection follows through the exact same correspondence. O

4.6 The Zariski Topology on the Prime Spectrum
Recall that the prime spectrum, denoted by Spec A, is the set of prime ideals of A.

Proposition 86. For any ring A, Spec A can be given a topological structure by assigning the closed
sets to be all sets of the form V(I) = {p € Spec A | I C p}, where I is an ideal of A.

Proof. V(A) = @ and V(0) = Spec A. Similarly, one can verify that ()., V(o) = V(3 1) and
V(Il) @] V(Ig) = V(Illg) = V(Il N [2)
O

Definition 87 (Zariski Topology on Spec A). As justified by Proposition Spec A can be given a
topology (also called the Zariski topology) by assigning all subsets of the form V(I) (for some I < A)
to be the closed sets.

Proposition 88. For any ring A and ideal I <1 A, V(I) = V(VT).
Proof. This follows immediately from Corollary O
Definition 89 (An Inverse to V). For any X C Spec A, we define Z(X) to be (,cx p.

Proposition 90 (The Nullstellensatz for Spec A). For any J < A, T(V(J)) = /J.
Proof. This follows immediately from Proposition 8§ and Corollary O

Corollary 90.1. For any ring A, V(__) and Z(_.) offer a one-to-one correspondence between the
radical ideals of A and the closed sets of Spec A.
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Proposition 91. X = V(J) is an irreducible closed set iff VJ = T(X) = Z(V(J)) is prime.
Proof. Exactly the same as Proposition O
Proposition 92. If A is a Noetherian ring, then the topology on Spec A is Noetherian.

Corollary 92.1. If A is a Noetherian ring and I <1 A, then there are finitely many prime ideals over
I that are minimal (with respect to inclusion) over I.

Corollary 92.2. If A is a Noetherian ring and I <1 A, then since /I is the intersection of all minimal
prime ideals over I, \/I is a finite intersection.

Corollary 92.3. In particular, a nonzero ring A which is not an integral domain either has nonzero
nilpotents or at least 2 minimal primes.

Proof. There are two cases:
1. 0 =+/0. In this case, 0 is the intersection of the minimal primes of A, but since 0 is not a prime
ideal (A is not an integral domain), there must be at least 2 minimal primes.

2. 0 # +/0. In this case, A has nonzero nilpotent elements, as desired.

The result follows. O

5 Localization and Primary Decomposition

Definition 93 (Ring of Fractions). Let A be a ring and S C A a multiplicative set (see Def. [10).
Then define a relation ~ on A x S by (a, s) ~ (b, t) if there exists u € S such that u(at —bs) = 0. One
can check that ~ is an equivalence relation; we write ¢ for the equivalence class of (a,s). Indeed, we
get aring ST1A = A x S/ ~, called the ring of fractions of A with respect to S, with operations

b (at £ bs)

- = and
t st

gj: g.ézab.
S s t st

Note that A naturally embeds into S~'A by sending a 7 we will denote this map by .
Problem 94. Prove that ker¢ = {a € A | 3s € S such that sa = 0}.

Problem 95. Prove that S~'A = 0 if and only if 0 € S if and only if S contains a nilpotent element.

Theorem 96 (Universal Mapping Property). Let ¢ : A — S™'A be the natural embedding. First, ¢
takes every element of S to a unit in ST A, and secondly, ¢ is universal for this process: if 1 : A — B
is a ring homomorphism which maps every element of S to a unit in B, then there exists a unique

£:871A— B uwithy =Eo.

Definition 97. Given f € A, define Ay to be S™'A with S = {1, f, f2,...} the multiplicative subset
of A generated by f. Notice that Ay = Afz]/(xf — 1), since this is akin to adding a new symbol
with the property that xf = 1.

Definition 98 (Extension and Restriction). Given a ring homomorphism ¢ : A — B, we define
extension and restriction as so:

1. If I < A, the extension of I e(I) = ¢(I)B = IB.
2. If J < B, the restriction of J r(J) = ¢~ 1(J).

Lemma 99. Let A be a ring and S C A a multiplicative subset.

1. For any ideal J of S7A, e(r(J)) = J.
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2. For any ideal I of J, r(e(I)) ={a € A|as €I for some s € S}.
3. Ifp <pr A, then either e(p) = S7'p <pe STA (ifpNS=92) ore(p) =S 1p=5""1A.

Proof.

1: If 2 € J, then b € p=1(J), s0 & € e(r(J)). Thus J C e(r(J)). The other direction is trivial).

2: If a € r(e(I)), then ¢ = & € S~1A for some b € I and ¢t € S. Now there exists u € S such that
uta = ub € I, so s = ut € S is such that sa € I, thus r(e([)) is included in the right-hand side. The
reverse direction is again trivial.

3: Trivial. 0

Corollary 99.1. There e and r define inverse one-to-one correspondences between ideals of A such
that as € I = a € I for all s € S and ideals of ST'A. In particular, S~*A is Noetherian if A is
Noetherian.

Corollary 99.2. r(e(I)) = A& e(l)=S1A=INS #a.

Corollary 99.3. The natural map ¢~ : Spec S™'A — Spec A (which takes a prime ideal in S™1A
to its preimage, which is a prime ideal in A) identifies Spec S™1A with {p € Spec A |pNS =z} In
particular, Spec S~ A is identified with {p € Spec A | pN S = @}.

Proposition 100. Localization commutes with taking quotients. Precisely, take a ring A, a proper
ideal a < A, and a multiplicative set S C A. Further let S’ be the image of S under the quotient
projection w: A — A/a. Then:

S—1A

571 (A/a) = Tig

Proof. Elements in S’~!(A/a) are of the form Ziz Elements in % are of the form ~ +a. It can
be easily verified that the inverse maps

5714
Y51
L, s4

—1
: /—1 . r+a T
0T gy ST (Afa) given by —— = — +a

r+a
s+a

— S'7!(A/a) given by Ttrao
s

are both homomorphisms, giving an isomorphism pair, as desired. O

Definition 101 (Localization at Prime Ideal). Given a prime ideal p< A, we set S = A\ p. Then the
localization S™!A is called the localization of A at p and denoted A,.

Proposition 102. A, is a local ring (see Def. with mazimal ideal pA, (that is, the ideal of all
fractions with numerator in p and denominator in A\ p).

Proof. Let a <t Ay be such that a  pA,. Then there is an element § € a with a,b ¢ p. But then
b

% € Ay, s0 §, =1¢€ a, whence a = A,. Hence any proper ideal in A, is contained in pA,. O

Theorem 103. There is an isomorphism between A, /pA, and k(p).

Proof. Let S = A\ p. Then S’ = (A/p)\ 0. But this implies that x(p) = S’ (A/p) = ‘gj‘;‘ by Prop.
But both pA, and S~'p are those fractions in A, with numerator in p, whence g:ll‘;‘ = pATFp‘ O

Problem 104. Let S C T be multiplicative subsets of a ring A. Write A’ = S71A let p: A — A’
be the natural map, and define 77 = o(T). Prove that then 7714 = T"~'A. This demonstrates that
the composition of two localizations is one large localization.
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5.1 Modules of Fractions

Proposition 105. Let A be a ring and S a multiplicative set of A. Then modules over S™'A can be
naturally identified with A-modules M having the property that the multiplication map ps : M — M
(given by m +— sm) is bijective for all s € S.

Proof. 1f M is an S~1! A-module, then one can consider it as an A-module by (a,m) — (a/1,m). It is
an easy exercise to see that in this case u; is bijective. In the other direction, if M is an A-module such
that us : M — M is bijective for all s € S, then one can define an action of S™'A4 on M by setting
(a/s)m = a- pu3t(m). Again, it is an easy exercise to prove that this is a well-defined action. O

Definition 106 (Ring of Fractions of Modules). Let M be an A-module and S be a multiplicative
set in A. Then ring of fractions of M with respect to S is the set M x S mod the equivalence relation
(x,8) ~ (y,t) if Ju € S such that u(tz — sy) = 0. This is denoted by S™'M and is naturally an
S~ A-module (thus naturally an A-module). Again, the equivalence class of (x,s) is denoted by 2.

The following section relies on an understanding of functors and tensor products (for example, the
knowledge that the tensor product functor is right-exact and the universal property of tensor products),
which we do not cover here. It also assumes you know the definition and basic properties of complexes.

Lemma 107. S7'M ~ M ®4 57 'A

Proof. Tt is a simple exercise to check that S~'M satisfies the universal property of tensor products
(i.e. for any bilinear morphism ¢ : M x S™'A — N there exists a unique morphism ¢ : S™*M — N
such that 1on = ¢ (where 7 is the natural map M x S~ A — S~1M). Any two viable tensor products
are uniquely isomorphic, so the result follows. O

Lemma 108. The localization map S™1(__) given by M + S~ M is a covariant functor.

Proof. This follows from S™1(__) = __®4 S~!A. Indeed, this demonstrates that A is right-exact. One

may also notice that a map ¢ : M — N gives us a map S~ !¢ : S~'!M — S~!N given by 2 ¢2)

S

and then conclude the result by definition. O
Lemma 109. The localization map S=1(__) given by M + S™1M is an exact functor.

Proof. Let
LY5MS N

be an exact complex of A-modules (so ker ¢ = im1). Then we have a new complex of A-modules
s s Y 5N

after application of S~1(__). We seek to show that ker S~1¢ = im S~1¢. To do this, take 2 such that
Se(t) = @ =0 in ST!N. By definition, this means Ju € S such that u - ¢(z) = ¢(uz) = 0. But
ker ¢ = im 1, so there exists y € L such that ¥ (y) = uz. Then

sy (L) =t e

us us S

so T € im S~14 (and ker S~1¢ C im S~14)). Since the definition of a complex gives us ker S~1¢ D
im S~19, we may conclude that ker S~'¢ = im S~'4), as desired. O

We can know also conclude many of our earlier results more trivially.

Corollary 109.1. The localization of a quotient is the quotient of the localization. In other words,
S~H(M/N) = (S7'M)/(S7IN).
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Corollary 109.2. If p <y, A, then A, /pA, ~ Frac(A/p) ~ £(p).
We will now do a similar version of Lemma Bl for modules.

Lemma 110. Take N' C S™'M (a S~'A-submodule). Let N C M be the preimage of N' along
M — S 'M. Then N' = S™!N.

Proof. Take £ € N'. Then § = s- % € N’. But then x € N, thereby showing that £ € S~!N. This
proves us N’ C ST!N. Conversely, take £ € ST'N. Then = € N (by definition) and hence £ € N'.
But then £ = 1. T €N, s0 S~!N C N’. Combining the two results finishes the proof. O

S

Corollary 110.1. If A C B is a ring extension and S C A is a multiplicative set, then any J'aS™'B
is of the form S~'J for some J < B. Furthermore, prime ideals correspond to prime ideals.

Proof. Clearly the only part that needs proving is the part about prime ideals. But notice S~ (B/J) ~
(S7'B)/(S71J), so by the fact that a quotient is an integral domain if and only if the divisor is a
prime ideal, J and S~'J are either both prime ideals or neither prime ideals. O

This result is similar to the one we started the section with.

Theorem 111 (Universal Property of Ring of Fractions for Modules). Let A be a ring, S be a
multiplicative set, and M, N be A-modules. Assume that all s € S acts on N as an automorphism
(that is, s is invertible on N ). Then the natural morphism ¢ : M — S=YM induces an isomorphism.:

o : Homy(S™'M, N) = Homa (M, N)

Proof. Let ¢ : M — N, % € S~1M, and choose y € N to be the unique element with sy = ¢(z).
Define ¢ : ST'M — N by 2+ y. To prove v is well-defined, suppose that % = “s‘—,/ and let 4/ € N
be such that sy’ = ¢(2’). Then there exists u € S such that us’'z = usz’, so us'¢(x) = sp(z’).
But u is invertible on N, s'sy = s'¢(z) = s¢p(z') = ss’y’ and then y = y'. Thus ¢ is well-defined
and « is surjective. But « is also injective: take ¢ : ST'M — N and £ such that «(¢)) = 0. Then
s(%£) =1p(x/1) = 0 whence 9 (z/s) = 0. O

Of course, this can be restated equivalently in the form of a universal property:

Theorem 112. Let A be a ring, S be a multiplicative set, and M, N be A-modules. Assume that
all s € S acts on N as an automorphism (that is, s is invertible on N ). Then for any A-module
homomorphism v : M — N, there exists a unique £ : STYM — N such that £ o ¢ = 1.

5.2 Localization and Integrality

Proposition 113. Let A C F where A is a ring and F is a field. Let B be the integral closure of A
in F. Then S™'B is the integral closure of ST'A in F for any multiplicative subset S of A.

Proof. First, we will demonstrate that S~!B is integral over S™'A. To do this, notice that any
element of S~'B can be written as £+ for some b € B and s € S, and furthermore that 1 is in A
(and thus integral over S~1A) for each s € S. Thus, since the product of integral elements is integral,
it suffices to demonstrate that % is integral over ST'A. Yet this is simple: since b is integral over A,
there exist ag,...,a,_1 such that

b\"  an_q (D\"* b
b"+an1b"_1+"'+a1b+a0:0:>() +a 1() _|__,_+a1(>+aoz(),

1 1 1

whence % is indeed integral over S—1A.
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Next, we want to show that if © € F is integral over S™'A, then 2 € S™!'B. Now, if € F is integral
over ST1A, then there exist a; € A and s; € S C A such that
an—1 xnfl

aiy apn
++—a+—=0.
Sn—1 51 S0

"™ +

But then, if s = sg -+ s,_1, by multiplying through by s™ we find that

n—1

ais aps™

(s2)" + 2218 gyl 4y (sz) + =0

Sn—1 S1 S0

and since s; | s for each i, each of the coefficients of this relation is in A. Then, this is indeed an
integral relation for sz € F over A. But then since B is the integral closure of A, sz € B, whence
x € S7!B as desired. O

Corollary 113.1. Suppose A is an integrally closed ring. Then S™'A is integrally closed for any
multiplicative subset S of A.

Lemma 114. Suppose A is an integral domain. Then

A= mAp: ﬂ Amv

p<lprA MJmaxA
where the intersection formally happens within the field of fractions of A.

Proof. Now, since A is an integral domain, A C A, for every prime ideal p. Thus, A C mpqprA A,.
Then, clearly ﬂpqp‘.A Ap € Nma,,.a Am. Hence it suffices to show that A C ()

m<Imax A Am :

For this, take x € (), 4 Am. Then let I, = {a € A | za € A}. Our goal is to demonstrate that
1 € A, since then 1-x =z € A. To do this, fix any m <ljax A. Then since x € Ay, there exists p € A
and ¢ € A\ m such that = = %. But then ¢ € I, since gxr = p € A. Thus I, is not contained in m,
and indeed not contained in any maximal ideal of A. Thus I, = A, so 1 € I, as desired. O

Lemma 115. A is integrally closed if and only if A, is integrally closed for every prime ideal p of A
if and only if Ay is integrally closed for every mazimal ideal m of A.

Proof. In light of Corollary [I13.1] the first condition implies the second. Now, the second condition
trivially implies the third. Therefore, it suffices to show that if A, is integrally closed for every
maximal ideal m of A, then A is integrally closed. For this, suppose = € F is integral over A. Then z
is clearly integral over A, for each m. Since A, is integrally closed, then z € A, for each maximal m.
But then, by applying Lemma [I14] we find that © € A. Thus A is integrally closed, as desired. O

5.3 The Support of a Module
Definition 116 (Support). If M is an A-module, then the support of M is the subset
Supp M = {p € Spec A | M, # 0} C Spec A

Definition 117 (Annihilator and Zero Divisor). If M is an A-modle, then the annihilator of m € M
is the ideal Annm = {f € A | fm = 0} < A. Similarly, the annihilator of M is the ideal Ann M =
{f € A| fM =0} <« A. Finally, recall that f € A is a zerodivisor on M if fm = 0 for some
0#me M.

Proposition 118 (Properties of the Support).
1. If M is a cyclic module with generator x and I = Annx (so M ~ A/I), then Supp M = V(I).
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2. If M =37\ cn My, then Supp M = |y, Supp M.

3. If0 > L— M — N — 0 is a short exact sequence, Supp M = Supp L U Supp N.

4. If M is finite over A, then Supp M = V(Ann M); in particular, it is a closed subset of Spec A.
5. Ifp € Supp M then V(P) C Supp M.

Proof. 1: M, will be zero if and only if § =0 € M,. Yet this follows if and only if sz = 0 for some
s & p, which follows if and only if Annz € p. The result follows.

2: The exactness of the localization functor means that sums commute with localization. In particular:
M, = Z (M)
AEA

Thus, p € Supp M iff p € Supp M) for any A € A. The result follows by taking the complement.

3: The exactness of the localization functor means that we have an exact sequence 0 — L, — M, —
N, — 0. Notice that M, is 0 iff L, and N, are 0: the result follows by taking the complement.

4: If {mq,...,my} is a family of generators of M, by applying 2, then 1, then definitions,

k k k
Supp M = U Supp Am; = U V(Ann(m;)) =V <ﬂ Ann(m¢)> = V(Ann M)

i=1 i=1

5: q € V(p) implies p C q implies A\ q C A\ p, whence M, is a localization of M. In other words, if
M, is nonzero then so is M. The result follows. O

5.4 Associated Primes of a Module

Definition 119 (Assassin or Associated Primes). If M is an A-module, then an assassin or associated
prime of M is a prime ideal p <, A such that 3z € M such that p = Annz (equivalently, there exists
N C M with N ~ A/p). We write Ass M = {assassins of M}.

Obviously, each p € Ass M contains Ass M = (,,c,, Ann M.
Proposition 120 (Properties of Assassins).
1. Let x € M be such that Annx = p is prime. Then for any nonzero y € Az, Anny = p.
2. Any mazimal element of the set of ideals {Annz | 0 # x € M} is prime, so it will be in Ass M.
8. If A is Noetherian, then M # 0 = Ass M # &.
4. If0 = L — M — N is a short exact sequence, then Ass M C Ass L N Ass N.

Proof. 1: Note that the submodule Az C M is isomorphic to A/p. When we view A/p as a ring
(indeed, an integral domain) and an A-module at once, it is clear that any y € A/p has Anny = p.

2: Suppose x € M is chosen so that Annz is maximal among annihilating ideals. If fg € Annz,
then fgx = 0. There are two possibilities: if gz = 0, then g € Ann(z), and if gr # 0 then
Ann(gx) D Ann(z), so Ann(gz) = Ann(z) by maximality, whence fgz = 0 gives f € Ann(x).

3: This follows immediately because if A is Noetherian and M # 0, then {Annz | 0 # z € M} is
nonempty and thus has a maximal element (recall one equivalent criteria discussed in Def. for
being Noetherian is that any nonempty set of ideals has a maximal element).

4: If M contains a submodule isomorphic to A/p, then either (A/p) N L = 0 (then A/p maps

isomorphically to a submodule of N), whence p € Ass N, or (A/p N L # 0). In the latter case, any
0#xz€ A/pN L has Annxz = p (see 1), giving p € Ass L, as desired. O
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Corollary 120.1. If A is Noetherian and M is an A-module, then
{zerodivisors of M in A} = U p.
pEAss M

Proof. Clearly every element in an assassin of M is a zerodivisor. On the other hand, if f € A is a
zerodivisor, then f € Annm for some 0 # m € M, yet Annm is contained in a maximal annihilating
ideal Ann x, which is an associated prime. Thus f € p € Ass M, as desired. O

Theorem 121. Let M be a module over a ring A. Then AssM C Supp M (in fact, p € Ass M =
V(P) C Supp M ). Also, if A is Noetherian, then any minimal element p € Supp M is in Ass M.

Proof. Omitted; long and not very fun. O

Corollary 121.1. Let M be a finite module over a Noetherian ring A. Then

Supp M = | V(p:)

i=1

where the p; for i =1,...,n are the finitely many minimal primes containing Ann M. Furthermore,
each p; is in Ass M (since they are minimal).

Proof. As we know from Prop. Supp M = V(Ann M). Then, by Cor. this set has finitely
many minimal elements p1, ..., pr, whence the result follows. O

Theorem 122. If A is a Noetherian ring and M is a finite A-module, then there exists a chain
O=MoC M C---CM,=M

such that M;/M;_1 ~ A/p;, each p; is a prime ideal of A, and Ass M C {p1,...,pn} (in particular it
is finite).

Proof. Proposition implies that there exists p; € Ass M. Let My C M be such that My ~ A/p;.
Construct the rest of the chain by the same argument applied to M/M;: suppose that My C M; C
.-+ C M; are already constructed, and M/M; # 0. Then Ass(M/M;) # &, so there exists a submodule
M’ C M/M; with M’ ~ A/p;+1. Write M; 1 C M for the inverse image of M’ continuing the chain.
Finally, the chain must eventually stop with M,, = M because M is Noetherian (see Cor. [51.2). O

5.5 Primary Ideals and Primary Decomposition

Definition 123 (Primary Ideals). A proper ideal q <1 A is called primary if fg € q implies that either
f€qor g" e qfor some n > 0. Clearly, this is equivalent to saying that a proper ideal q is primary
if all zerodivisors in A/q are nilpotent.

Proposition 124. If q is primary, then p = \/q is prime.

Proof. If fg € p, then f"¢g™ € q for some n, which implies that either f™ or ¢ is in q for some m,
which implies that either f or g is in p. O

Definition 125 (p-Primary Ideals). An ideal q is called p-primary (or primary belonging to p) if q is
primary and p = ,/q.

Lemma 126. If q is a ideal such that \/q = m is mazimal, then q is m-primary.
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Proof. Suppose f € A\q,andlet I ={g € A| fg € Q}. Then I is an ideal of A and q C I C A (since
I cannot contain 1). Thus I must be contained in a maximal ideal: however, m is the only prime ideal
containing q (by properties of radical ideals), hence I C m. This demonstrates

fg€qgand fgdq=>gecl=gecm=,/q
whence ¢g” € q for some n, as desired. O
Theorem 127. If A is a Noetherian ring and q < A, then q is p-primary iff Ass(A/q) = {p}.

Proof. If q is p-primary, then the zerodivisors of A/q are contained in p (since they are the preimage
of 0 = v/q). Thus, for any nonzero x € A/q, so ¢ C Annz C p = /4, therefore vVAnnz = p. In
particular, since all prime ideals are radical, Annx can only be a prime if it is equal to p. Yet by
Proposition we know that Ass(A/q) is nonempty, so it must equal {p}.

In the opposite direction, if Ass(A/p), take any nonzero module M C A/q. By Corollary
v/ Ann M is the intersection of prime ideals containing Ann M. Indeed, we can take the intersection
of the minimal prime ideals containing containing Ann M; but these are the minimal elements of
Supp M, so by Theorem they are in Ass(M). Yet Ass(M) = {p}, so VAnn M = p. In particular,
q = Ann(A/q) satisfies \/qg = p. Let f,g € A be elements with fg € q but f ¢ q. Then feAlqgis
such that g € Ann f C \/Ann f = p, so g" € q, as desired. O

Lemma 128. If q1 and q2 are p-primary then so is q1 N qs2.

Proof. Suppose that xy € g1 N g2 but © & g1 N g2. In either case we get y € p, then y™ € q; and
y™ € qs for some n and m. Yet then y™™ € q1 N g2, making ¢q; N gz primary. It is easy to see that the
radical is p: q1 N q2 € q1, 50 1 Nqe C p. If f € p, then as argued above there is k with f* € q; N qq,

so f € v/q1 N qz, whence p C /q1 Nq2 and indeed p = /g1 N q2. O

Definition 129 (Primary Decomposition). Let A be a ring and I < A be an ideal. Then a primary
decomposition of I is an expression
I'=qin---Nay

with each q; primary. We call such a decomposition a shortest primary decomposition of I if I C M;£;q;
for any J (that is, no term q; is redundant) and q, is p;-primary for p; # p; for i # j (no two primary
ideals can be combined using Lemma [128)).

Definition 130 (Indecomposable Ideal). An ideal I <1 A is indecomposable if it cannot be written as
an intersection of two strictly bigger ideals: that is, if I = J N K with J, K ideals implies that I = J
or I = K. For example, prime ideals are indecomposable.

Lemma 131. In a Noetherian ring A, every indecomposable ideal q is primary.

Proof. Notice that ¢ C A is indecomposable if and only if 0 C A/q is indecomposable (and similarly for
primary ideals). Thus, it suffices to prove that if B is a Noetherian ring, then 0 C B is indecomposable
implies 0 C B is primary. Thus let z,y € B with xy = 0. Then y € Annz. Consider the ascending
chain

Annz C Ann(wz) C---CAmn(z") C -,

because B is Noetherian, Ann(z") = Ann(z"*!). Now, if a € (z") N (y), then az = 0 (since

a is a multiple of y) and a = bz", but then ax = bax"! so b € Ann(z"*!). But then, since
Ann(z"t1) = Ann(z") and a = ba", we see that a = 0. This proves that (") N (y) = 0. Hence if 0 is
indecomposable, then xy = 0 implies that 2™ = 0 or y = 0, so 0 is primary. O

Theorem 132. In a Noetherian ring A, every ideal I has a primary decomposition.
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Proof. Let . be the set of ideals not expressible as an intersection of indecomposable ideals. If . # &,
then by Cor. . has a maximal element I € .. I cannot be indecomposable, so it must be of
the form I = J N K for strictly bigger ideals J and K. By the maximality of I, neither J or K can be
contained in ., whence J and K are each are the intersection of finitely many indecomposable ideals.
But then I is also the intersection of finitely many indecomposable ideals! This is a contradiction
with the assumption that % is nonempty, so . must be empty; the result follows. O

Theorem 133 (1st Uniqueness Theorem). Let A be Noetherian, I C A an ideal, and let I = ﬂle q
be a shortest primary decomposition, where each q; is p;-primary. Then Ass(A/I) = {p1,...,px} (in
particular, the set of primes {p1,...,pr} is uniquely determined by I ).

Proof. From I = ﬂle q; it follows that there is a natural inclusion map

k
AT A/

i=1

Hence Ass(A/I) C |JAss(A/q;) = {p1,...,pr}. On the other hand, by the irredundancy conditions,
for any j, we have that

0#N=()ai/I C A/
i#]j
In the earlier inclusion, N maps to zero in each decomponent A/q; for i # j. Hence 0 # N < A/q)j.
By Theorem Ass(A/q;) = {p;}. Therefore A/I contains a submodule N with @ # Ass N C {p,},
so p; € Ass(A/I), as desired. O

Here we generalize earlier results on prime ideals and passing to a ring of fractions to primary ideals.

Proposition 134. Let A be a ring and S a multiplicative set of A. Further let I =qiN---Nq, be a
shortest primary decomposition, where each q; is p;-primary. Order the factors so that SNp; = @ if
ie{l,....m}and SNp; # ifiec {m+1,...,n}. Then

ST =(15"q and o (STT) =q1 NN .

i=1
where ¢ is the natural map ¢ : A — S71A.
Proof. Not included here, as it is too similar to earlier results on localization. O

Corollary 134.1. Let I =()q; be a shortest primary decomposition of I where each q; is p;-primary.
Suppose that p; is a minimal element of {p1,...,pn}. Then setting S = A\p;, we have q; = p~1(S71I);
in particular, q; is uniquely determined by I and p;. Thus the primary component belonging to a
minimal prime is uniquely determined.

6 Discrete Valuation Rings
Definition 135 (Discrete Valuation). If k is a field, then a discrete valuation of K is a surjective
map v : K — Z U {oo} with the properties that

1. v(z) = oo if and only if x = 0.

2. v(zy) =v(z) +v(y) for all z,y € k.

3. v(x £ y) > min{r(z),v(y)} for all z,y € k.

Note that (2) forces v(1) = 0. The valuation ring of a discrete valuation v is the subset A = {z € K |
v(xz) > 0}. One can easily check that this is a ring; a ring of this form is a discrete valuation ring or
DVR.
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Proposition 136. If A is a DVR with discrete valuation v, then A is a local ring with mazximal ideal
m={x € K |v(z) > 0}. Furthermore, A is a principal ideal domain.

Proof. For the first part, notice that by Axiom 2 for DVRs, v(z~!) = —v(z). Thus, z is a unit if and
only if v(z) = 0, the set of nonunits in A are those with valuation greater than 0. By Axiom 3 for
DVRs, this set is closed under addition and thus an ideal; by our characterization of local rings in
Proposition the result follows.

For the second part, let t € k be any element such that v(¢t) = 1. Then it is easy to check that m = (¢),
and indeed every ideal I of A is of the form (¢") for some n. Thus, we are done. O

Lemma 137. Let A be a Noetherian integral domain and t € A a nonunit. Then (),—,(t") = 0.

Proof. Choose x € [,cn(t"). Then x = a1t = ast? = ast® = aut* = --- for some ay,ag,--- € A. By
the Noetherian assumption, the ascending chain of ideals (a1) C (a1,a2) C (a1, az2,a3) C --- must
eventually stabilize; in particular a,, € (a1,...,a,—1) for some n. Thus for some by,...,b,—1 € A,

an =biay +---+byp_1a,_1. Then, by multiplying ¢ on both sides and recalling that = = a,t",
T =apt" =bja1t" + -+ bp_10,_1t" = blﬁﬁtnil + oo+ byqat = l‘(b1tn71 + -4 bn—lt)-

Yet this implies that = = 0, since if = is nonzero, then the cancellation property gives us byt" 1 +-- -+
bp_1it=1< (bnf"_2 + -+ bp_1)t =1, a contradiction with the assumption that ¢ is not a unit. O

Proposition 138. Let (A,m) be a local integral domain with principal mazimal ideal m = (t) for
some t # 0. Also assume that (-, (t™) = 0 (this holds if A is Noetherian by Lemma . Then:

1. Every 0 #£ x € A is of the form x = t"u with n > 0 and u a unit.

2. Define v(x) = n, where x = t"u as in (1), and v(x/y) = v(z) —v(y) for all x/y € Frac A. Then
v is a discrete valuation of Frac A and A is its valuation ring.

3. Ewvery nonzero ideal I of A is of the form I = (t") for some n > 0.

Proof.

1: Ifx e (t")\ (t"*1), then x = t"u with u # m (i.e. U is a unit). This eventually happens because
the intersection of all the (¢") tends to 0. The first part follows.

2: This is a matter of simple computation.

3: Let n = min{k | I contains an element x = t*u with u a unit}. Then clearly I = (¢t"). O

In particular, if (A, m) is a Noetherian local ring and m = (t), either A is a DVR or ¢ is nilpotent.

6.1 An Equivalent Condition for DVRs

Theorem 139 (The Main Result on DVRs). A ring A is a DVR if and only if A is a local integrally
closed Noetherian integral domain with Spec A = {0, m}.

Proof. (=): If Ais a DVR, then it is a local ring by Proposition Since it is a PID by the same
proposition, it is Noetherian. Finally, since it is a PID, it is a UFD, so it is an integrally closed
domain. To see why Spec A = {0, m}, take a proper ideal I of A. If it is equal to 0 or m = (¢), then it
is clearly prime. Otherwise, by Proposition [138] I = () for some n > 2. But then ¢,t"~1 & I (since
A is a domain and t cannot be a unit) whereas t" =t -t"~! € I, so I is not a prime ideal.

(&): First, notice that because A is Noetherian, any ideal I of A is a finite A-module. Since A is

a local ring, by Nakayama’s Lemma, Corollary Im = [ implies that I = 0. In particular, since
m # 0, m # m2. Therefore, we may choose an element x € m \ m?.
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I claim that m = (z). To see why, suppose for the sake of contradiction that m/(z) # 0. Then by
Proposition Ass M # @. Hence, there exists some element y € m \ (z) such that my C (z). Now
consider y/x € Frac A; on one hand, y/x ¢ A but on the other hand, (y/z)m is an ideal of A. Now,
we cannot have (y/x)m = A, since then ym/z = 1 = 2 = ym for some m € m, implying that x € m?,
a contradiction. Therefore, (y/z)m C m.

In this case, y/x is integral over A using the same argument as in the determinant trick; m is a
finite A-module since A is Noetherian, and multiplication by y/x is a linear map ¢ : m — m.
Hence ¢ satisfies a monic relation ¢ + ap,_1p" "t + -+ + a9 = 0 with a; € A for each i. But
then applying this to any nonzero z € m gives ((y/x)" + an_1(y/x)" * + -+ + ag)z = 0, whence
((y/x)" + an—1(y/z)" "t + -+ +ap) = 0 since A is an integral domain.

But then since y/x is integral over A, it belongs to A since A is integrally closed. Hence y/x € A, so
y € (z), a contradiction. Therefore the assumption that m # (x) must have been false, and we are
done by Proposition [138 O

6.2 General Valuation Rings

Definition 140 (Valuation Rings). Let A be an integral domain and K = Frac A its field of fractions.
Then A is a valuation ring if for every nonzero element x € K, either x or 271 € A.

Definition 141 (Ordered Group). Recall that a partial order > on a set I' is a total order if, for all
a,b € T', exaclty one of @ > b, a = b, or a < b holds. An order group I' is an additive Abelian group
with a total order > compatible with the addition law, in the sense that a > b and a’ > V' implies
a+ad >b+b.

Let A be an integral domain and K = Frac A. Let I' = K* /A*; notice that @+ b = ab for a,b € K*.
We may give I' the partial order > defined by b > @ if and only if b/a € A.

Proposition 142. Suppose that A is an integral domain with K = Frac A.

1. Then A is a valuation ring if and only if > is a total order on T' = K> /A*. If this holds, the
quotient map v : K* — T satisfies v(zy) = v(z) + v(y) and v(z £ y) > min{v(x),v(y)}.

2. Similarly, if T is an ordered group and v : K* — T' a surjective map that satisfies v(xy) =
v(z) +v(y) and v(z £y) > min{v(z),v(y)}, then A = {a € K | v(a) > 0} is a valuation ring,
and ' = K*JA*.

In this set-up, v: K* — T is called a valuation, and T' = K* /A* the value group of v.

Proof. To say that > is a total order means that for a,b € K, exactly one of the three cases a/b € A
but b/a & A, a/b € AX, or b/a € A but a/b ¢ A, which is the same thing as the definition of a
valuation ring. The rest is simple computation from here. O

Theorem 143. Let A be a valuation ring. Then A is Noetherian if and only if A is a DVR.

Proof. We have already discussed the direction <. To prove =, note that in a valuation ring A,
any finitely generated ideal I is principal. For I = (z1,...,%,), then assuming each x; # 0, either
x1/xe € A, so that I = (xo,...,x,), or xo/x1 € A, so I = (x1,23,...,%,). Assume that A is
Noetherian: then the maximal m of A is finitely generated, so principal. Thus m = (¢) and A is a
DVR by Proposition [138 O

Lemma 144. Let A be a integrally closed Noetherian ring. Then if p is a minimal nonzero prime
ideal of A then A, is a DVR. Now, if 0 # I = (x) C A is a principal ideal, then p € Ass A/ = p is
a minimal nonzero prime ideal.

29



Proof. Boring to prove. You may see it on pages 119-120 of Undergraduate Commutative Algebra. [

Theorem 145. Let A be a integrally closed Noetherian ring, K = FracA, and K C L a finite
separable field extension. Let B C L be the integral closure of A in L. Then B is a finite A-module
(in particular, a Noetherian ring).

Proof. Boring to prove. You may see it on pages 123 of Undergraduate Commutative Algebra. O
Corollary 145.1.

1. Let A be an integral domain that is finitely generated over a field k. Then Aisa finite A-module.
2. Suppose that L is an algebraic number field. Then Oy is a finite Z-module.

Proof. For part 1, notice that by the Noetherian Normalization Lemma, one can assume that & C

klz1,..., 2] C A where 21, ..., 2, are algebraically independent over k and A is finite over k[z1, ..., 2.
We can assume that K = Frac A is a separable extension of k(z1, . .., z..). Then A is the integral closure
of k[z1,...,2.] in K, so we can apply the above theorem. From this, 2 follows directly. O
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